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Preface

During the academic year 2004–2005, the Mathematics Department of the Univer-
sity of Florida conducted a Special Year in Number Theory and Combinatorics.
This was the fourth of a six-year program of special years, focusing on vari-
ous areas of strength and tradition in the department. Each special year featured
international conferences, training workshops, lectures during the year by visitors,
and survey lectures of wide appeal. The number theory part of the program in
2004–2005 was highlighted by an International Conference on Additive Number
Theory in November 2004, the Seventh Erdős Colloquium by Fields medalist
Borcherds, and several history lectures by very eminent mathematicians through-
out the year. These history lectures traced major developments in various important
aspects of number theory.

The number theory part of the program, including the conference on additive
number theory, was organized by Krishnaswami Alladi, Alexander Berkovich, Frank
Garvan, and Hamza Yesilyurt. The program received external funding from the
National Science Foundation, the National Security Agency, and the Number Theory
Foundation. Internal support was provided by the Department of Mathematics, the
College of Liberal Arts and Sciences, and the Office of Research and Graduate
Programs of the University of Florida. My thanks to the organizers of the program
and all the agencies for their support.

This volume consists of a selection of featured talks given either at the confe-
rence or as history lectures during the year. Number theory has a wealth of long-
standing problems, the study of which over the years has led to major developments
in many areas of mathematics. The papers assembled here span a broad range of
areas in number theory and survey important developments tied to current advances.
The surveys are written by leaders in the discipline: George Andrews, Bruce Berndt,
David Bressoud, Hershel Farkas, Mel Nathanson, Ken Ono, and Michel Waldschmidt.
The topics covered reflect the wide range of their expertise and include the theory of
partitions and q-hypergeometric series, mock theta functions, modular forms, iden-
tities from Ramanujan’s lost notebook, theta functions, elliptic functions, alternating
sign matrices, and the Weyl character formula, transcendental number theory, and
additive number theory.
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The theory of partitions and q-hypergeometric series was founded by Euler
in the mid-eighteenth century. The subject underwent a glorious transformation in
the early twentieth century under the magic touch of the Indian genius Srinivasa
Ramanujan, who discovered remarkable identities that provided surprising connec-
tions between seemingly unrelated areas of mathematics. The theory of partitions
and q-series is now at the crossroads of number theory, combinatorics, analysis,
and the theory of modular forms, and has implications in physics and computer
science.

One of the most dramatic developments in the past few years has been the work
of Ken Ono and Kathrin Bringmann, connecting Ramanujan’s mock theta func-
tions with Maass wave forms. Many consider the mock theta functions to be among
Ramanujan’s deepest contributions. Shortly before his death in 1920, Ramanujan
communicated his discovery of the mock theta functions in a letter to G. H. Hardy,
of Cambridge University. These mock theta functions possessed transformations that
enabled one to evaluate their coefficients with great precision, similar to those of
certain partition-generating functions that had representations in terms of theta func-
tions. Yet the exact connections between mock theta functions and the theory of
modular forms or theta functions remained a mystery. The recent work of Ono and
Bringmann is the key that unlocks this mystery. Several important aspects of this
progress are described by Ono in his paper.

Our understanding of Ramanujan’s discoveries has been greatly enhanced in the
last few decades due to the work of several leading mathematicians, most notably
George Andrews and Bruce Berndt. Ramanujan’s original two notebooks have been
edited in a five-volume series (Springer) by Berndt, who has explained almost all
of the formulas in those notebooks. And now George Andrews and Bruce Berndt
are editing Ramanujan’s “lost notebook” in a similar fashion. There are still several
aspects of Ramanujan’s identities in his original two notebooks and in the lost
notebook that merit a closer study, because, as it often turns out, when one dis-
covers important identities and formulas at the interface of classical analysis and
number theory, they can be traced to the writings of Ramanujan! The paper of Bruce
Berndt, Yoongbok Lee, and Jaebum Sohn is about identities in Ramanujan’s lost
notebook that yield the fundamental formulas of Guinand and Koshliakov concer-
ning functional equations of nonanalytic Eisenstein series which are now central in
the theory of Maass wave forms. Indeed, Ramanujan gives several new applications
of Guinand’s formula as noted by Berndt, Lee, and Sohn in their paper.

The theory of partitions has continued to be a vibrant area of research because
partition identities have arisen in surprising ways in a variety of settings, such as
the celebrated Rogers–Ramanujan identities in the study of vertex operators of Lie
algebras, and in the investigation of models in conformal field theory and statis-
tical mechanics. George Andrews, the leading authority on partitions in the last
half century, has been intimately connected with several of these major develop-
ments. In his survey paper, Andrews discusses multipartitions, which have proved
useful in the theory of Lie algebras. He builds on the earlier important work of
Oliver Atkin to provide congruences for multipartitions, and explains how multi-
partitions are connected to the tripentagonal number theorem. He also discusses
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connections with the Rogers–Ramanujan identities and Ramanujan’s mock theta
functions.

Theta functions are among the most fundamental objects in mathematics. They
arise as the solution to the heat equation in physics, can be used to yield the func-
tional equation of the Riemann zeta function, and play a crucial role in the study
of partition-generating functions and other generating functions involving quadratic
forms. Theta functions also are crucial in the study of Riemann surfaces. Hershel
Farkas, an authority on Riemann surfaces, discusses the role of theta functions in
analysis and number theory, and demonstrates how the relations satisfied by theta
functions can be used to yield a variety of identities in additive number theory
involving sums of squares, partitions, and multiplicative functions.

Closely related to theta functions are elliptic functions, which have played, and
continue to play, a central role in several areas of mathematics, especially number
theory. Transcendental number theory is a fascinating subject. One reason is that
although “almost all” numbers are transcendental, it is very difficult to determine
whether a given number is transcendental. The transcendence of certain classical
constants, or special values of fundamental functions, have been investigated closely,
but there is still much to be learned. One of the fundamental results due to Siegel is
that if the two invariants of the Weierstrass elliptic function are algebraic numbers,
then at least one of the two periods of the elliptic function must be transcendental.
Michel Waldschmidt provides a comprehensive survey of elliptic functions and trans-
cendence. He first describes the landmark results in transcendental number theory
relating to the exponential and logarithm, and then discusses in detail the methods
and results involving the transcendence of special values of the elliptic functions and
constants related to them.

Additive number theory is a very broad area within which lies the theory of par-
titions, and the subject of representation of integers as sums of squares, cubes, etc.
There is a vast literature in additive number theory on problems of the following
type: Given a subset A of the positive integers, when does it form a basis for the
integers? That is, when can every positive integer be represented as the sum of at
most a (fixed) bounded number of elements of A? There is also the question of
enumerating the number of representations of integers as sums of members coming
from a given subset A. And then there is the “inverse problem”; namely, if we
are given a nonnegative arithmetic function, when can the values of this function
be the number of representations of integers from some subset A of the integers?
Mel Nathanson provides a survey of such inverse problems in additive number
theory.

Finally, the paper of David Bressoud provides a charming survey of certain
important determinant evaluations, starting with the rudimentary Vandermonde, and
ending with the Izergin–Korepin determinant expansion for the six-vertex model in
statistical mechanics. En route, he discusses the alternating-sign matrix conjecture,
and the ways in which this was proved.

Thus this volume provides a kaleidoscopic view of number theory and contains
informative summaries of several important aspects of the subject. Special thanks to
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Ann Kostant, of Springer, for publishing these selected survey lectures, and to Frank
Garvan for help in preparing the volume according to Springer’s specifications.

Krishnaswami Alladi
Gainesville, Florida
March, 2008
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A Survey of Multipartitions: Congruences
and Identities

George E. Andrews

The Pennsylvania State University, University Park, PA 16802, USA
andrews@math.psu.edu

Summary. The concept of a multipartition of a number, which has proved so useful in
the study of Lie algebras, is studied for its own intrinsic interest. Following up on the
work of Atkin, we shall present an infinite family of congruences for Pk(n), the number of
k-component multipartitions of n. We shall also examine the enigmatic tripentagonal number
theorem and show that it implies a theorem about tripartitions. Building on this latter obser-
vation, we examine a variety of multipartition identities connecting them with mock theta
functions and the Rogers–Ramanujan identities.

Key words: Partitions, multipartitions, partition congruences, tripentagonal number
theorem.

2000 Mathematics Subject Classifications: Primary 05A17; Secondary 11P81, 11P83,
05A30

1 Introduction

In 1882, J. J. Sylvester [28] broke new ground in the theory of partitions. Throughout
most of the nineteenth century, partitions of integers were viewed primarily as an
auxiliary aid in the theory of invariants. Sylvester’s monumental paper [28] revealed
that partitions were themselves interesting mathematical objects with a surprising
rich arithmetic/combinatorial theory.

Today we find multipartitions in an analogous situation. We use M. Fayers’s
definition of a multipartition [16, p. 4].

A multipartition of n with r components is an r -tuple λ = (λ(1), . . . , λ(r)) of
partitions such that |λ(1)| + · · · + |λ(r)| = n. If r is understood, we shall just call this
a multipartition of n. As with partitions, we write the unique multipartition of 0 as ∅,
and if λ is a multipartition of n then we write |λ| = n.

Partially supported by National Science Foundation Grant DMS 0457003.

K. Alladi (ed.), Surveys in Number Theory, DOI: 10.1007/978-0-387-78510-3 1,
c© Springer Science+Business Media, LLC 2008



2 George E. Andrews

There are indeed various scattered results about multipartitions. In many papers
on the representation theory of Lie algebras (e.g., [13], [16]), some with applications
to physics [12], we see multipartitions playing an important auxiliary role. However,
there has not previously been a survey devoted to their intrinsic interest.

It is not the case that the generating functions for multipartitions have not been
examined previously. Indeed, Atkin [10], Cheema et al. [14], Gupta et al. [20], [21]
and others have examined congruences and other arithmetic properties of Pk(n),
where ∞∑

n=0

Pk(n)qn =
∞∏

n=1

(1 − qn)−k . (1.1)

We see immediately by Euler’s standard argument [3, Chapter 1] that Pk(n) is the
number of k-component multipartitions of n. Atkin [10] has supplied the most exten-
sive list of congruences for Pk(n), building on his success in proving Ramanujan’s
“11n” conjecture [9]. In Section 2, we prove the following.

Theorem 1. For every prime p > 3, there are (p + 1)/2 values of b in the interval
[1, p] for which

Pp−3(pn + b) ≡ 0 (mod p)

for all n � 0.

When p = 5, the b values are 2, 3, 4; for p = 7, they are 2, 4, 5, 6; and for
p = 11, they are 2, 4, 5, 7, 8, 9.

The proof of Theorem 1 requires only the original elementary method of
Ramanujan as extended in [8].

Section 3 leads us to the starting point of our survey. Namely, can the combi-
natorial significance of the tripentagonal number theorem [6, (1.3)] be placed in the
world of multipartitions? That is, do we have a combinatorial interpretation for

∑

i, j,k�0

qi2+ j2+k2

(q; q)i+ j−k(q; q)i+k− j (q; q) j+k−i

=
∑∞

n,m,p=−∞(−1)n+m+pqn(3n−1)/2+m(3m−1)/2+p(3p−1)/2+nm+np+mp

∏∞
n=1(1 − qn)3

. (1.2)

We use the standard notation [19, (1.2.5)]

(a; q)n = (a)n =
n−1∏

j=0

(1 − aq j ),

and for future reference [19, (1.2.4)],

(a1, a2, . . . , am; q)n = (a1; q)n(a2; q)n · · · (am; q)n .

This leads to a vast array of multipartition identities, which are further explored in
Section 4. Section 5 examines the relationship of several generalizations of classical
partitions to multipartitions, and Sections 6 and 7 conclude the survey with a brief
account of the further possibilities for multipartitions.
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2 Congruences

The main object of this section is to prove Theorem 1, and by so doing, to suggest
that this is the tip of a congruential iceberg. To prove Theorem 1 we must recall a
slightly weakened version of the main result in [8].

Theorem 2 (Extended Ramanujan Congruence Theorem). Let p > 3 be a prime.
Let 0 < a < p and b be integers with −a a quadratic nonresidue mod p. Let
{αn}∞n=−∞ be any doubly infinite sequence of integers. Then there exists an integer
c = cp(a, b) such that the coefficient of q pN for any N > 0 in

∑∞
n=−∞ αnqa(n

2)+bn+c

(q; q)
p−3
∞

is divisible by p. The number c is 8(a(2ba − 1)2 + 1) modulo p, and m denotes the
multiplicative inverse of m modulo p.

Proof of Theorem 1. To deduce Theorem 1, we note that for any specific n, say n =
ν, we may select the {αn}∞n=−∞ by αn = 0 if n �= ν, αν = 1. Thus the coefficient of
q pN in

qa(ν
2)+bν+c

(q; q)
p−3
∞

=
∑

n�0

Pp−3

(
n − a

(
ν

2

)
− bν − c

)
qn

is divisible by p. So the proof of Theorem 1 is reduced to showing that the exponents
a
(n

2

) + bn + c run over (p + 1)/2 different residue classes modulo p. To this end we
consider the congruence

a

(
n

2

)
+ bn + c ≡ r (mod p).

This congruence is equivalent to

(n + 2(ab − 1))2 ≡ 2ar − 4(ab − 1)2 (mod p).

Now as n runs over a complete residue system modulo p, the left side of this last
congruence takes the value of each of the (p − 1)/2 quadratic residues twice and
0 once for a total of (p + 1)/2 different values modulo p. For each of these values
there is a unique value of r , which is what was necessary to prove. �

One of the most appealing aspects of the theory of congruences for
p(n) (= P1(n)) concerns the “crank.” The crank of a partition is defined as
follows:

Definition. For a partition π , let l(π) the largest part of π , ω(π) the number of
ones in π , and μ(π) the number of parts of π larger than ω(π). The crank c(π) is
given by
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c(π) =
{

l(π) if ω(π) = 0,

μ(π) − ω(π) if ω(π) > 0.

In [7], it is shown that the generating function for c(m, n), the number of parti-
tions of n with crank m, is given by

∑

n�0

∞∑

m=−∞
c(m, n)zmqn = (q; q)∞

(zq, z−1q; q)∞
,

except for n = 1.
The results in [17] and [7] together reveal the following combinatorial interpre-

tation of the Ramanujan congruence

p(5n + 4) ≡ 0 (mod 5).

Namely, if C( j, M, n) denotes the number of partitions of n with crank ≡ j
(mod M), then for 0 � j � 4,

C( j, 5, 5n + 4) = 1

5
p(5n + 4).

We now define

∑

n�0

∞∑

m=−∞
b(m, n)zmqn = (q; q)2∞

(zq, z−1q; q)2∞

and

B( j, M, n) =
∞∑

m=−∞
b(Mm + j, n).

It is immediate that ∞∑

m=−∞
b(m, n) = P2(n),

and thus Theorem 3 below provides us with a new proof that 5|P2(5n + 3).
It is, of course, possible to provide an interpretation for b(m, n) in terms of

modified bipartitions. Namely, one has to allow three copies of 1 to be used: 1−1,
10, 11 with the added condition that 10 is not repeated in either component and if
it appears in one component and not the other then that bipartition is counted with
weight −1. This then provides a combinatorial setting for the fact that c(1, 1) = 1,
c(0, 1) = −1, and c(−1, 1) = 1.

Theorem 3. For 0 � j � 4,

B( j, 5, 5n + 3) = 1

5
P2(5n + 3).
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Proof. Garvan [17, (1.30) and Section 3] proved the following formula from
Ramanujan’s lost notebook [25, p. 20]:

(q; q)∞
(ξq; q)∞(ξ−1q; q)∞

= A(q5) − q(ξ + ξ−1)2 B(q5) + q2(ξ2 + ξ−2)C(q5) − q3(ξ + ξ−1)D(q5),

where ξ is any primitive fifth root of unity, and

A(q) = (q5; q5)∞G(q)2

H(q)
,

B(q) = (q5; q5)∞G(q),

C(q) = (q5; q5)∞H(q),

D(q) = (q5; q5)∞ H(q)2

G(q)
,

G(q) = 1

(q, q4; q5)∞
,

H(q) = 1

(q2, q3; q5)∞
.

We note for future reference that

A(q)D(q) = B(q)C(q). (2.1)

Hence

4∑

j=0

∞∑

n=0

B( j, 5, n)ξ j qn =
(

(q; q)∞
(ξq, ξ−1q; q)∞

)2

= (A(q5) − q(ξ + ξ−1)2 B(q5) + q2(ξ2 + ξ−2)C(q5) − q3(ξ + ξ−1)D(q5))2.

Therefore

4∑

j=0

∞∑

n=0

B( j, 5, 5n + 3)ξ j q5n+3

= −2q3((ξ + ξ−1)A(q5)D(q5) + (ξ + ξ−1)2(ξ2 + ξ−2)B(q5)C(q5))

= −2q3 A(q5)D(q5)(ξ + ξ−1)(1 + (ξ + ξ−1)(ξ2 + ξ−2)) (by (2.1))

= −2q3 A(q5)D(q5)(ξ + ξ−1)(1 + ξ3 + ξ4 + ξ + ξ2)

= 0.
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Consequently, all of the B( j, 5, 5n+3) must be identical in value, since otherwise,
we would have constructed a new polynomial of degree � 4 satisfied by ξ different
from 1 + ξ + ξ2 + ξ3 + ξ4, which is the irreducible polynomial of which ξ is a root,
a contradiction.

Finally, since all the B( j, 5, 5n+3) are equal, each must be equal to P2(5n+3)/5.
�

Frank Garvan [18] has independently extended these methods in a forthcoming
paper that goes well beyond what has been suggested here. It should also be noted
that K. Mahlburg [23] has proved amazing congruence theorems for the crank, and
this suggests that it may be possible to do much more with the bicrank and further
extensions of the crank to multipartitions.

3 The Triple Theta Series

We devote this section to

S3(q) =
∑∞

n1,n2,n3=−∞ (−1)n1+n2+n3qn2
1+n2

2+n2
3+(

n1+n2+n3
2 )

(q)3∞
, (3.1)

the theta series side of (1.2). Our object will be to obtain as succinct as possible
representation of S3(q) as a linear combination of infinite products.

Theorem 4.

S3(−q) = 1

(−q;−q)∞(q2; q2)∞

∞∑

n, j=−∞
(−1) j q(n

2)+n2−4nj+6 j2
. (3.2)

Proof. Using the notation

[zm]
∞∑

n=0

anzn = am, (3.3)

we see that

S3(q) = [z0]

(∑∞
n=−∞ (−z)nqn2

)3 ∑∞
m=−∞ z−mq(m

2)

(q)3∞

= (q2; q2)3∞
(q)2∞

[z0](zq; q2)3
∞(z−1q; q2)3

∞(−z−1)∞(−zq)∞

(by [3, (2.2.10)])
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= (q2; q2)3∞
(q)2∞

[z0](zq;−q)∞(−z−1;−q)∞(zq; q2)∞(z−1q; q2)∞

× (z2q2; q4)∞(z−2q2; q4)∞

= (q2; q2)3∞
(q)2∞

[z0]

∑∞
n=−∞ z−n(−q)(

n
2)

∑∞
m=−∞ (−z)mqm2

∑∞
j=−∞ (−1) j z2 j q2 j2

(−q;−q)∞(q2; q2)∞(q4; q4)∞

(by [3, (2.2.10)])

= 1

(q)∞(q2; q2)∞

∞∑

n, j=−∞
(−q)(

n
2)(−1)n−2 j q(n−2 j)2+2 j2

(−1) j .

Now replacing q by −q in the above and simplifying, we arrive at the desired identity
(3.2). �
Theorem 5. With S3(q) as defined in (3.1),

S3(q) = T1(q) − q4T2(q) + 2q3T3(q),

where

T1(q) = (q28, q32, q60; q60)∞
(q2; q2)2∞(q3; q3)∞(q3; q6)∞(q2; q4)∞

,

T2(q) = (q8, q52, q60; q60)∞
(q2; q2)2∞(q3; q3)∞(q3; q6)∞(q2; q4)∞

,

and

T3(q) = (q3; q3)∞(q12, q48, q60; q60)∞
(q)∞(q2; q2)∞(q6; q12)∞

.

Proof. Moving the infinite products to the left side of (3.2) and replacing j by 3 j +ν

(ν = −1, 0, 1), we see that

S3(−q)(−q;−q)∞(q2; q2)∞

=
∞∑

j,n=−∞

1∑

ν=−1

(−1) j+νqn(3n−1)/2−4n(3 j+ν)+6(3 j+ν)2

=
∞∑

j,n=−∞

1∑

ν=−1

(−1) j+νq6ν2−4nν+20 jν+n(3n−1)/2+30 j2−2 j

(where we have shifted n to n + 4 j)
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= −
∞∑

j,n=−∞
(−1) j qn(3n+7)/2+30 j2−22 j+6

+
∞∑

j,n=−∞
(−1) j qn(3n−1)/2+30 j2−2 j

−
∞∑

j,n=−∞
(−1) j qn(3n−9)/2+30 j2+18 j+6

= − q4
∞∑

j,n=−∞
(−1) j qn(3n+1)/2+30 j2−22 j

+
∞∑

j,n=−∞
(−1) j qn(3n−1)/2+30 j2−2 j

− q3
∞∑

j,n=−∞
(−1) j q3n(n−1)/2+30 j2+18 j

= (q3; q3)∞(−q)∞
(−q3; q3)∞

((q28, q32, q60; q60)∞ − q4(q8, q52, q60; q60)∞)

− 2q3(q6; q6)∞
(q3; q6)∞

(q12, q48, q60; q60)∞ (by [3, (2.2.10)]).

Now if we replace q by −q in the above and isolate S3(q), we find that we have
the result stated in Theorem 4. �

A. Berkovich [11] has pointed out that the triple theta series can be reduced to
a linear combination of four infinite products utilizing his new proof of the tripen-
tagonal number theorem and four identities from L. J. Slater’s compendium [27, (19),
(20), (34), (98)].

It should also be noted that Berkovich’s proof [11] of the tripentagonal number
theorem begins with a marvelous reduction of the triple q-series to a double q-series
and thence to the Slater identities just listed.

4 The Triple q-Series

The genesis of this paper lies in the desire to understand the left-hand side of (1.2) in
some partition-theoretic sense. We define

W3(n) =
∑

i, j,k�0

qi2+ j2+k2

(q)i− j+k(q) j−k+i (q)k−i+ j
. (4.1)
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To this end, we change the indices of summation to m, n, r with

m = i − j + k,

n = j − k + i,

r = k − i + j,

and we deduce directly that

i = m + n

2
,

j = n + r

2
,

k = r + m

2
.

This one-to-one transformation is admissible in triples of positive integers if and only
if m, n, and r are all of the same parity.

Additionally, under this transformation,

i2 + j2 + k2 = m

(
m + n

2

)
+ n

(
n + r

2

)
+ r

(
r + n

2

)
.

Hence

W3(n) =
∑′

m,n,r�0

qm(m+n
2 )+n( n+r

2 )+r( r+n
2 )

(q)m(q)n(q)r
, (4.2)

where
∑′ means that the indices m, n, r must all have the same parity.

We now recall a basic fact about partition-generating functions (cf. [3, Chapter 1],
[22, Chapter XIX]):

q An

(q)n
(A > 0)

is the generating function for partitions into exactly n parts each � A.
The above observations now allow us to interpret (4.1) in terms of tripar-

titions. We say that a multipartition (λ1, λ2, . . . , λk) has equiparity if each of
(λ1, λ2, . . . , λk) has an even number of parts or each has an odd number. In a
multipartition (λ1, λ2, . . . , λk) we say that λi+1 is the next component to λi with
the convention that λ1 is next to λk (i.e., λk+1 = λ1). We say that a multipartition of
equiparity has parts of average size if each part in component λi is at least as large
as the average of the number of parts in λi and λi+1.

Finally, we define B3(n) to be the number of tripartitions of equiparity and parts
of average size.

Theorem 6.
∞∑

n=0

B3(n)qn = W3(q) =
∑

i, j,k�0

qi2+ j2+k2

(q)i− j+k(q) j−k+i (q)k−i+ j
.
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Proof. Inspection of (4.2) reveals that W3(q) is indeed the generating function in
question. �

The obvious relevance of tripartitions with equiparity and average size suggests
that we apply these ideas to other classes of partitions. We apply them to bipartitions
in the next section.

5 Bipartitions with Parts of Average Size

In treating bipartitions, it turns out that we must keep track of whether the parity
implied by equiparity is even or odd.

We define B2,e(n) (respectively B2,0(n)) to be the number of bipartitions of even
(respectively odd) equiparity with parts of average size.

Theorem 7.

B2,e(n) − B2,0(n) =
{

0 if n is odd,

A2,2
( n

2

)
if n is even,

where A2,2(n) is the Rogers–Ramanujan partition function, the number of ordinary
partitions of n into parts ≡ ±1 (mod 5).

Proof.

∞∑

n=0

(B2,e(n) − B2,0(n))qn

= 1

2

∑

n,m�0

qn( n+m
2 )+m( n+m

2 )

(q)n(q)m
((−1)n + (−1)m)

=
∑

n,m�0

(−1)nqn( n+m
2 )+m( n+m

2 )

(q)n(q)m

=
∑

n,m�0

(−1)nq
n2
2 + m2

2 +mn

(q)n(q)m

=
∑

n�0

q2n2

(q2; q2)n
(by [30, p. 45])

=
∞∏

n=1

1

(1 − q10n−2)(1 − q10n−8)
(by [3, (7.1.7)])

=
∞∑

n=0

A2,2(n)q2n .
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Comparison of the extremes in the above string of equations yields the assertion of
our theorem. �

It is natural to ask why we examined the excess of even equiparity over odd
equiparity. Why not just consider the full count of such partitions? This can be done
of course, however, the resulting generating functions reduce to series such as

∞∑

j=0

(−1) j q j2

(q)2 j
,

which appear not to have the interesting qualities associated with the Rogers–
Ramanujan identities or related formulas.

6 Further Multipartition Identities

Once we have introduced the idea of multipartitions with average size, it is natural
to consider seemingly simpler questions. For example, let us consider Ck(n), the
number of k-component multipartitions in which each part in the i th component
(1 � i � k) is larger than the number of parts in the next component.

Lemma 8.

∑

j�0

(q j+1) j q
j =

∞∑

n=0

(−1)nqn(15n+7)/2 +
∞∑

n=0

(−1)nqn(15n+13)/2 +1

+
∞∑

n=0

(−1)nqn(15n+17)/2 +2 +
∞∑

n=0

(−1)nqn(15n+23)/2 +4.

Proof.
∑

j�0

q j (q j+1) j

=
∑

j�0

q j
j∑

h=0

[
j

h

]
(−1)hq

(
h+1

2

)
+ jh

(by [3, (3.3.6)])

=
∑

h, j�0

[
j + h

h

]
(−1)hq

(
h+1

2

)
+( j+h)h+ j+h

=
∑

h�0

(−1)hq3h(h+1)/2

(qh+1)h+1
(by [3, (3.3.7)])
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=
∞∑

n=0

(−1)nqn(15n+7)/2 +
∞∑

n=0

(−1)nqn(15n+13)/2 +1

+
∞∑

n=0

(−1)nqn(15n+17)/2 +2 +
∞∑

n=0

(−1)nqn(15n+23)/2 +4

(by [26, A(8), p. 333]),

which is the assertion of the lemma. �

Theorem 9.

∑

n�0

C2(n)qn = 1

(q)∞

( ∞∑

n=0

(−1)nqn(15n+7)/2(1 + q3n+1 + q5n+2 + q8n+4)

)
.

Proof. Clearly,

∑

n�0

C2(n)qn =
∑

i, j�0

qi( j+1)+ j (i+1)

(q)i (q) j

=
∑

j�0

q j

(q) j (q2 j+1)∞
(by [3, (2.2.5)])

= 1

(q)∞

∑

j�0

q j (q j+1) j ,

and we replace the final sum by the expression in Lemma 8, and the result follows.
�

For our next result, we recall one of Ramanujan’s fifth-order mock theta functions
[25, p. 131], [29, p. 278]:

χ1(q) =
∑

i�0

qi

(qi+1)i+1
.

Theorem 10.
∑

n�0 C3(n)qn = χ1 (q)

(q)∞ .

Proof. Clearly

∑

n�0

C3(n)qn =
∑

i, j,k�0

qi( j+1)+ j (k+1)+k(i+1)

(q)i (q) j (q)k

=
∑

i, j�0

qi j+i+ j

(q)i (q) j (q j+i+1)∞
(by [3, (2.2.5)])
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= 1

(q)∞

∑

i, j�0

[
j + i

i

]
qi j+i+ j

= 1

(q)∞

∑

i�0

qi

(qi+1)i+1
(by [3, (3.3.7)])

= χ1(q)

(q)∞
.

�

Theorem 11.
∑

n�0 C4(n)qn = 1
(q)∞

∑
i, j�1

qi j−1

(q)i+ j−1
.

Proof. As previously,

∑

n�0

C4(n)qn =
∑

i, j,k,m�0

qi( j+1)+ j (k+1)+k(m+1)+m(i+1)

(q)i (q) j (q)k(q)m

=
∑

i, j,k�0

qi j+ jk+i+ j+k

(q)i (q) j (q)k(qk+i+1)∞
(by [3, (2.2.5)])

= 1

(q)∞

∑

i, j,k�0

[
k + i

i

]
1

(q) j
qi j+ jk+i+ j+k

= 1

(q)∞

∑

i,k�0

[
k + i

i

]
qi+k

(qi+k+1)∞

= 1

(q)2∞

∑

i�0

qi (q)i

∑

k�0

(qi+1)2
kqk

(q)k

= 1

(q)2∞

∑

i�0

qi (q)i
(qi+1)∞(qi+2)∞

(q)∞

∑

j�0

q(i+1) j

(qi+2) j

= 1

(q)∞

∑

i, j�0

qi j+i+ j

(q) j+i+1

= 1

(q)∞

∑

i, j�1

qi j−1

(q)i+ j−1
.

�
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Theorem 12.

∑

n�0

C5(n)qn = 1

(q)2∞

∞∑

m=1

σ(m)qm−1 = e−13π iτ/6η−2(τ )(1 − E2(τ ))/24,

where σ(m) is the sum of the divisors of m, q = e2π iτ , η(τ) is Dedekind’s η-function
given by

η(τ) = q1/24(q)∞,

and E2(τ ) is the Eisenstein series given by

E2(τ ) = 1 − 24
∞∑

m=1

σ(m)qm .

Proof.
∑

n�0

C5(n)qn

=
∑

i, j,k,�,m�0

qi j+ jk+k�+�m+mi+i+ j+k+�+m

(q)i (q) j (q)k(q)�(q)m

=
∑

i,k,m�0

qmi+i+k+m

(q)m(q)k(q)i (qi+k+1)∞(qk+m+1)∞
(by [3, (2.2.5)])

= 1

(q)∞

∑

k,m�0

qk+m

(q)m(qk+m+1)∞

∑

i�0

(qk+1)i qi(m+1)

(q)i

= 1

(q)∞

∑

k,m�0

qk+m(qm+k+2)∞
(q)m(qk+m+1)∞(qm+1)∞

(by [3, (2.2.1)])

= 1

(q)2∞

∑

k,m�0

qk+m

(1 − qk+m+1)

= 1

(q)2∞

∞∑

N=0

q N (N + 1)

(1 − q N+1)

= q−1

(q)2∞

∞∑

m=1

mqm

1 − qm

= q−1

(q)2∞

∞∑

m=1

σ(m)qm .

�
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Corollary 13.
∞∑

m=1

σ(m)qm ≡ q(q)2
∞ H(q5) (mod 5),

where
H(q) = 1/((q2; q5)∞(q3; q5)∞).

Proof. In examining the quintuple series-generating function for C5(n), we see that
cyclic permutation of the five indices leaves each term unaltered. Since there are no
nontrivial subgroups of the cyclic group of order 5, we see that modulo 5,

∞∑

n=0

C5(n)qn ≡
∞∑

n=0

q5n2+5n

(q)5
n

(mod 5)

≡
∞∑

n=0

q5n2+5n

(q5; q5)n
= H(q5) (by [3, (7.1.7)]).

The result now follows from Theorem 12. �

7 Another Family of Mulitpartition Identities

The partition function Ck(n) is the number of multipartitions of n in which each part
in the i th component is larger than the number of parts in the next component. In this
section we consider Dk(n), the number of multipartitions of n with k components in
which each part in the i th component is larger that the number of parts in the next
component with the exception of the kth component (which now does not have to
have its parts larger than the number of elements in the first component).

Theorem 14.
∑

n�0 D2(n)qn = 1
(1−q)(q)∞ .

Proof.
∑

n�0 D2(n)qn = ∑
i, j�0

qi( j+1)+ j

(q)i (q) j
= 1

(q)∞
∑

i�0 qi = 1
(1−q)(q)∞ . �

Theorem 15.
∑

n�0 D3(n)qn = q−1

(q)2∞
− q−1

(q)∞ .

Proof.
∑

n�0

D3(n)qn

=
∑

i, j,k�0

qi( j+1)+ j (k+1)+k

(q)i (q) j (q)k

= 1

(q)∞

∑

i, j�0

qi( j+1)+ j

(q)i
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= 1

(q)∞

∑

i�0

qi

(q)i+1

= q−1

(q)∞

∑

i�1

qi

(q)i

= q−1

(q)∞

(
1

(q)∞
− 1

)
.

�

Theorem 16.
∑

n�0 D4(n)qn = q−1
(q)

(q)2∞
, where 
(q) = ∑∞

n=1
qn

(1−qn)
is the gene-

rating function for the number of divisors of n.

Proof.
∑

n�0

D4(n)qn

=
∑

i, j,k,��0

qi( j+1)+ j (k+1)+k(�+1)+�

(q)i (q) j (q)k(q)�

= 1

(q)∞

∑

i, j,k�0

qi( j+1)+ j (k+1)+k

(q)i (q) j

= 1

(q)∞

∑

i, j

qi( j+1)+ j

(q)i (q) j+1

= 1

(q)2∞

∑

j�0

q j

(1 − q j+1)

= q−1

(q)2∞

(q).

�

Theorem 17.
∑

n�0 D5(n)qn = 1
(q)2∞

∑
k�1

qk−1

(q)k(1−qk)
.

Proof.
∑

n�0

D5(n)qn

=
∑

i, j,k,�,m�0

qi( j+1)+ j (k+1)+k(�+1)+�(m+1)+m

(q)i (q) j (q)k(q)�(q)m
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= 1

(q)∞

∑

i, j,k�0

qi j+ jk+i+ j+k

(q)i (q) j (q)k+1

= 1

(q)2∞

∑

j,k�0

q jk+ j+k

(q)k+1

= 1

(q)2∞

∑

k�0

qk

(q)k+1(1 − qk+1)
.

�

Theorem 18.
∑

n�0 D6(n)qn = q−1

(q)3∞

∑
h�0

1−(qh+1)∞
1−qh+1 .

Proof.
∑

n�0

D6(n)qn

=
∑

i, j,k,h,m,n�0

qi( j+1)+ j (h+1)+k(n+1)+h(m+1)+m(n+1)+n

(q)i (q) j (q)k(q)h(q)m(q)n

= 1

(q)2∞

∑

j,k,h,m�0

q jk+kh+hm+ j+k+h+m

(q)k(q)h

= q−1

(q)2∞

∑

k,h�0

q(k+1)(h+1)

(q)k+1(q)h+1

= q−1

(q)2∞

∑

k,h�1

qkh

(q)k(q)h

= q−1

(q)2∞

∑

h�1

1

(q)h

(
1

(qh)∞
− 1

)

= q−1

(q)3∞

∑

h�1

1 − (qh)∞
1 − qh

.

�

8 Interpretations of Multiple q-Series Identities

There are numerous theorems identifying multiple q-series including [1], [2], [4],
[5], [24]. Whether this approach using multipartitions will provide really new insight
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concerning these identities awaits future investigations. In this section, we choose
one example from [4] that has not been given a partition-theoretic interpretation
previously.

We define W (n) to be the number of tripartitions λ1 +λ2 +λ3 of n for which the
following three conditions are met (here #(λi ) is the number of parts in λi ):

(i) each part in λ1 is � #(λ1);

(ii) each part in λ2 is � #(λ1) + #(λ2);

(iii) each part in λ3 is � 2(#(λ1) + #(λ2) + #(λ3)).

We define V (n) to be the number of bipartitions λ1 +λ2 wherein all parts of both
components are ≡ ±1 (mod 5).

Theorem 19. For each n � 0, W (n) = V (n).

Proof. In [4, (1.7)], it is shown that

∑

n,m,r�0

q(n+m)2+(r+m)2+nr

(q)n(q)m(q)r
= 1

(q, q4; q5)2∞
.

Clearly [3, (7.1.6)],

∞∑

n=0

V (n)qn = 1

(q, q4; q5)2∞

and

∑

n,m,r�0

q(n+m)2+(r+m)2+nr

(q)n(q)m(q)r
=

∑

n,m,r�0

qn2+r(r+n)+m(2m+2r+2n)

(q)n(q)m(q)r
=

∑

n�0

W (n)qn,

and our result follows. �
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Summary. On two pages in his lost notebook, Ramanujan recorded several theorems
involving the modified Bessel function Kν(z). These include Koshliakov’s formula and
Guinand’s formula, both connected with the functional equation of nonanalytic Eisenstein
series, and both discovered by these authors several years after Ramanujan’s death. Other
formulas, including one by K. Soni and two particularly elegant new results, are also stated
without proof by Ramanujan. In this paper, we prove all the formulas claimed by Ramanujan
on these two pages and conclude with a survey of related results.
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nonanalytic Eisenstein series, Maass wave forms, divisor functions.
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1 Introduction

At a conference held on June 1–5, 1987, at the University of Illinois to commemorate
the centenary of Ramanujan’s birth, R. William Gosper remarked in his lecture that
Ramanujan frequently reaches his hand from his grave to snatch your theorems from
you. In less colorful language, Gosper asserted that it frequently happens that one
proves an important theorem, which later is found to be ensconced somewhere in
Ramanujan’s writings. In other instances, we learn that Ramanujan had anticipated
an important recent development in his own inimitable way.
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In this paper, we examine two pages in Ramanujan’s lost notebook
[28, pp. 253–254] on which Gosper’s observation is demonstrated once again. On
page 253, Ramanujan states a version of A.P. Guinand’s formula, from which
N.S. Koshliakov’s formula follows as a corollary. Although there is no indication that
Ramanujan made any connections with Epstein zeta functions or nonholomorphic
Eisenstein series, it is remarkable that with these two important formulas, Ramanujan
anticipated later developments that are now central in the theory of Maass wave
forms on SL(2, Z). On page 254, Ramanujan gives applications of Guinand’s for-
mula; these results are mostly new.

Koshliakov is chiefly remembered for one theorem, namely, Koshliakov’s formula
[21], which we now see was proved by Ramanujan about ten years earlier. To state
this formula, let Kν(z) denote the modified Bessel function of order ν [37, p. 78],
and let d(n) denote the number of positive divisors of the positive integer n. Then, if
γ denotes Euler’s constant and a > 0,

γ − log

(
4π

a

)
+ 4

∞∑

n=1

d(n)K0(2πan)

= 1

a

(
γ − log(4πa) + 4

∞∑

n=1

d(n)K0

(
2πn

a

))
. (1.1)

Koshliakov’s proof, as well as most subsequent proofs, depends upon Voronoı̈’s
summation formula [35]

∑

a≤n≤b

′
d(n) f (n) =

∫ b

a
(log x + 2γ ) f (x)dx

+
∞∑

n=1

d(n)

∫ b

a
f (x)(4K0(4π

√
nx ) − 2πY0(4π

√
nx ))dx,

(1.2)

where Yν(z) denotes the Weber–Bessel function of order ν, usually so denoted [37,
p. 64]. The prime ′ on the summation sign on the left-hand side indicates that if a or
b is an integer, then only 1

2 f (a) or 1
2 f (b), respectively, is counted. For conditions

on f (x) that ensure the validity of (1.2), see, for example, Berndt’s paper [4].
A.L. Dixon and W.L. Ferrar [12] also proved (1.1) using the Voronoı̈

summation formula. F. Oberhettinger and K.L. Soni [26] established a generaliza-
tion of (1.1) using Voronoı̈’s formula (1.2). Soni [32] derived further identities from
Koshliakov’s formula. In contrast to the work of these authors, Ramanujan evidently
did not appeal to Voronoı̈’s formula.

Koshliakov’s formula can be considered as an analogue of the transformation
formula for the classical theta function, namely,

∞∑

n=−∞
e−πn2/τ = √

τ

∞∑

n=−∞
e−πn2τ , Re τ > 0, (1.3)
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which, as is well known, is equivalent to the functional equation of the Riemann zeta
function ζ(s) given by [34, p. 22]:

π−s/2�

(
1

2
s

)
ζ(s) = π−(1−s)/2�

(
1

2
(1 − s)

)
ζ(1 − s). (1.4)

Ferrar [13] was evidently the first mathematician to prove that (1.1) can indeed be
derived from the functional equation of ζ 2(s). Oberhettinger and Soni [26] showed
that (1.4) and Koshliakov’s formula are equivalent.

On page 253 in his lost notebook [28], Ramanujan states (1.1) as a corollary
of a more general and especially beautiful formula at the top of the same page.
This more general formula is stated in an equivalent formulation in Theorem 1.1
below.

Theorem 1.1 (p. 253). Let σk(n) = ∑
d|n dk , and let ζ(s) denote the Riemann zeta

function. If α and β are positive numbers such that αβ = π2, and if s is any complex
number, then

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα) −
√

β

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nβ)

= 1

4
�

( s

2

)
ζ(s){β(1−s)/2 − α(1−s)/2}

+ 1

4
�

(
− s

2

)
ζ(−s){β(1+s)/2 − α(1+s)/2}. (1.5)

The identity (1.5) is equivalent to a formula established by Guinand [15] in 1955.
The series in Theorem 1.1 are reminiscent of the Fourier expansion of nonanalytic
Eisenstein series on SL(2, Z), or Maass wave forms [23], [25, pp. 230–232],
[22, pp. 15–16], [33, pp. 208–209]. This Fourier series was published by H. Maass
[23] in the language of Eisenstein series in the same year, 1949, that A. Selberg
and S. Chowla [30], [29, pp. 367–378] published it in the similar vein of the
Epstein zeta function, but with their proof not published until several years later [31],
[29, pp. 521–545]. In the meanwhile, P.T. Bateman and E. Grosswald [2] published
a proof. These Eisenstein series were shown by Maass [23] to satisfy a functional
equation for automorphic forms. C.J. Moreno kindly informed the authors that
he was easily able to derive Theorem 1.1 from the aforementioned Fourier series
expansion and functional equation. One may then regard (1.5) as an equivalent for-
mulation of the functional equation of these nonholomorphic Eisenstein series or
these particular Maass wave forms. S.P. Zwegers [38] has recently found connections
between nonholomorphic modular forms and Ramanujan’s mock theta functions.
We have been unable to find evidence in Ramanujan’s work that he made connec-
tions of (1.5) with nonholomorphic Eisenstein series or any other nonholomorphic
modular forms. The proof of Theorem 1.1 that we give below is essentially the same
as that of Guinand [15] and is completely independent of any considerations with
nonanalytic Eisenstein series or their closely associated Epstein zeta functions. As is
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well known, Ramanujan made a large number of original contributions to analytic
Eisenstein series, many of which can be found in his lost notebook [1], [9].

On page 254, Ramanujan records formulas similar to Koshliakov’s formula (1.1)
or to Guinand’s formula (1.5). We show that each of the three main results on this
page can be deduced from Ramanujan’s (and Guinand’s) beautiful generalization
(1.5) of Koshliakov’s formula.

We close this Introduction by mentioning two recent papers by S. Kanemitsu,
Y. Tanigawa, H. Tsukada, and M. Yoshimoto [18] and S. Kanemitsu, Y. Tanigawa,
and M. Yoshimoto [19], in which the formulas of Koshliakov and Guinand are used
or generalized.

2 Preliminary Results

Throughout pages 253 and 254 of [28], Ramanujan expresses his theorems in terms
of variants of the integral [14, p. 384, formula 3.471, no. 9]

∫ ∞

0
xν−1e−β/x−γ x dx = 2

(
β

γ

)ν/2

Kν(2
√

βγ ), (2.1)

where s is any complex number and Re β > 0, Re γ > 0. Since the modified Bessel
function Kν(z) is such a well-known function and its notation standard, it seems
advisable to avoid Ramanujan’s notation for variants of (2.1), which he calls φ, ψ ,
and χ . In summary, we have converted all of Ramanujan’s theorems to identities
involving the modified Bessel function Kν .

We use the well-known fact [14, p. 978, formula 8.469, no. 3]

K1/2(z) =
√

π

2z
e−z . (2.2)

We require the simple asymptotic formula [37, p. 202]

Kν(z) ∼
√

π

2z
e−z, z → ∞,

to ensure the convergence of series and integrals and also to justify the interchange
of integration and summation several times in the sequel. We need several integrals
of Bessel functions beginning with [14, p. 705, formula 6.544, no. 8]

∫ ∞

0
Kν

(a

x

)
Kν(bx)

dx

x2
= π

a
K2ν(2

√
ab ), Re a > 0, Re b > 0. (2.3)

We need the related pair [32, p. 544, equation (8)]
∫ ∞

0
x K0(ax)K0(bx)dx = log(a/b)

a2 − b2
, a, b > 0, (2.4)
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and [14, p. 697, formula 6.521, no. 3]
∫ ∞

0
x Kν(ax)Kν(bx)dx = π(ab)−ν(a2ν − b2ν)

2 sin(πν)(a2 − b2)
, |Re ν| < 1, Re (a + b) > 0.

(2.5)

Lastly, we need the evaluation [14, p. 708, formula 6.561, no. 16], for Re a > 0 and
Re(μ + 1 ± ν) > 0,

∫ ∞

0
xμKν(ax)dx = 2μ−1a−μ−1�

(
1 + μ + ν

2

)
�

(
1 + μ − ν

2

)
. (2.6)

3 Guinand’s Formula

We begin by restating Theorem 1.1.

Entry 3.1 (p. 253). As usual, let σk(n) = ∑
d|n dk , and let ζ(s) denote the Riemann

zeta function. If α and β are positive numbers such that αβ = π2, and if s is any
complex number, then

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα) −
√

β

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nβ)

= 1

4
�

( s

2

)
ζ(s){β(1−s)/2 − α(1−s)/2}

+ 1

4
�

(
− s

2

)
ζ(−s){β(1+s)/2 − α(1+s)/2}. (3.1)

To prove Entry 3.1, we need the following lemma.

Lemma 3.2. Let Kν(z) denote the modified Bessel function of order ν. If x > 0 and
Re ν > 0, then

1

4
(πx)−ν�(ν) +

∞∑

n=1

nν Kν(2πnx)

= 1

4

√
π(πx)−ν−1�

(
ν + 1

2

)
+

√
π

2x

( x

π

)ν+1
�

(
ν + 1

2

) ∞∑

n=1

(n2 +x2)−ν−1/2.

(3.2)

Lemma 3.2 is due to G.N. Watson [36], who proved it by using the Poisson
summation formula. H. Kober [20] generalized Lemma 3.2 in two different direc-
tions. In one of them, the index n on the left-hand side of (3.2) was replaced by
n + α, 0 < α < 1, and in the other, cos(2πnβ) was introduced into the summands
on the left-hand side of (3.2). Berndt [5] generalized (3.2) by putting either even or
odd periodic coefficients in the infinite series of (3.2). The proof that we give below
is essentially an elaboration of Guinand’s proof [15].
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Proof of Entry 3.1. Setting u = x2, using (2.1), and setting n = kd, we find that

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα) = √
α

∞∑

n=1

∑

d|n
d−sns/2 Ks/2(2nα)

= √
α

∞∑

d=1

∞∑

k=1

(
k

d

)s/2

Ks/2(2dkα). (3.3)

We now invoke Lemma 3.2 on the right-hand side above to deduce that for Re s > 0,

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα)

= √
α

∞∑

d=1

1

ds/2

(
−1

4
(dα)−s/2�

( s

2

)
+ 1

4

√
π(dα)−s/2−1�

(
s + 1

2

)

+π3/2

2dα

(
dα

π2

)s/2+1

�

(
s + 1

2

) ∞∑

n=1

1

(n2 + (dα/π)2)(s+1)/2

)

= −1

4
α(−s+1)/2�

( s

2

)
ζ(s) + 1

4
α(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1)

+ 1

2
α(s+1)/2√π�

(
s + 1

2

) ∞∑

d=1

∞∑

n=1

1

(n2π2 + d2α2)(s+1)/2
(3.4)

= −1

4
α(−s+1)/2�

( s

2

)
ζ(s) + 1

4
α(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1)

+ 1

2
α(−s−1)/2√π�

(
s + 1

2

) ∞∑

d=1

∞∑

n=1

1

(n2β2/π2 + d2)(s+1)/2

= −1

4
α(−s+1)/2�

( s

2

)
ζ(s) + 1

4
α(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1)

+ 1

2
β(s+1)/2√π�

(
s + 1

2

) ∞∑

d=1

∞∑

n=1

1

(n2β2 + d2π2)(s+1)/2
, (3.5)

where we used the hypothesis αβ = π2. By symmetry, from (3.4), for Re s > 0,

√
β

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nβ)
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= −1

4
β(−s+1)/2�

( s

2

)
ζ(s) + 1

4
β(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1)

+ 1

2
β(s+1)/2√π�

(
s + 1

2

) ∞∑

d=1

∞∑

n=1

1

(n2π2 + d2β2)(s+1)/2
. (3.6)

Reversing the roles of the summation variables d and n in (3.6), subtracting (3.6)
from (3.5), and rearranging slightly, we deduce that

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα) −
√

β

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nβ)

= −1

4
α(−s+1)/2�

( s

2

)
ζ(s) + 1

4
α(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1)

+ 1

4
β(−s+1)/2�

( s

2

)
ζ(s) − 1

4
β(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1). (3.7)

On the other hand, using the functional equation (1.4) of ζ(s) and the fact that
αβ = π2, we find that

1

4
α(−s−1)/2√π�

(
s + 1

2

)
ζ(s + 1) = 1

4
α(−s−1)/2√ππ s+1/2�

(
− s

2

)
ζ(−s)

= 1

4
α(−s−1)/2(αβ)(s+1)/2�

(
− s

2

)
ζ(−s)

= 1

4
β(s+1)/2�

(
− s

2

)
ζ(−s). (3.8)

Substituting (3.8) and its analogue with the roles of α and β reversed into (3.7), we
find that

√
α

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nα) −
√

β

∞∑

n=1

σ−s(n)ns/2 Ks/2(2nβ)

= −1

4
α(−s+1)/2�

( s

2

)
ζ(s) + 1

4
β(s+1)/2�

(
− s

2

)
ζ(−s)

+ 1

4
β(−s+1)/2�

( s

2

)
ζ(s) − 1

4
α(s+1)/2�

(
− s

2

)
ζ(−s). (3.9)

The identity (3.9) is simply a rearrangement of (3.1), and so the proof of (3.1) is
complete for Re s > 0. By analytic continuation, (3.1) is valid for all complex
numbers s. �

Since Ks(z) = K−s(z) [37, p. 79, equation (8)], we see that (1.5) is invariant
under the replacement of s by −s.

Ramanujan completes page 253 with two corollaries, which we now state and
prove.
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Entry 3.3 (p. 253). Let α and β be positive numbers such that αβ = π2. Then

∞∑

n=1

σ−1(n)e−2nα −
∞∑

n=1

σ−1(n)e−2nβ = β − α

12
+ 1

4
log

α

β
. (3.10)

Proof. Let s = 1 in Theorem 1.1. From (2.2),

√
αnK1/2(2nα) = 1

2

√
πe−2nα. (3.11)

Using (3.11), the values �(− 1
2 ) = −2�( 1

2 ) = −2
√

π and ζ(−1) = − 1
12 [34, p. 19],

and the Laurent expansion of ζ(s) about s = 1 [34, p. 16, equation (2.1.16)] in (1.5),
we find that

∞∑

n=1

σ−1(n)e−2nα −
∞∑

n=1

σ−1(n)e−2nβ − β − α

12

= 1

2
√

π
lim
s→1

�
( s

2

)
ζ(s){β(1−s)/2 − α(1−s)/2}

= 1

2
lim
s→1

(
1

s − 1
+ γ + · · ·

)

×
({

1 − s − 1

2
log β + · · ·

}
−

{
1 − s − 1

2
log α + · · ·

})

= 1

4
log

α

β
. (3.12)

We easily see that (3.12) is equivalent to (3.10), and so the proof is complete. �

Entry 3.3 is equivalent to the identity

∞∑

m=1

1

m(e2mα − 1)
−

∞∑

m=1

1

m(e2mβ − 1)
= β − α

12
+ 1

4
log

α

β
. (3.13)

To see this, expand the summands in (3.13) in geometric series and collect together
all terms with the same exponents in the resulting double series. The formula (3.13)
(or (3.10)) is equivalent to the transformation formula for the logarithm of the
Dedekind eta function. Ramanujan stated (3.13) twice in his second notebook [27],
namely as Corollary (ii) in Section 8 of Chapter 14 [6, p. 256] and as Entry 27(iii)
in Chapter 16 [7, p. 43]. He also stated (3.13) in an unpublished manuscript on
infinite series reproduced along with Ramanujan’s lost notebook [28], in particular,
as formula (29) on page 320 of [28]. (See also [8, p. 65, Entry 3.5].)

We next demonstrate that Koshliakov’s formula (1.1) is a corollary of
Entry 3.1. Our proof is a detailed explication of that of Guinand [15].
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Entry 3.4 (p. 253). Let α and β denote positive numbers such that αβ = π2. Then,
if γ denotes Euler’s constant,

√
α

(
1

4
γ − 1

4
log(4β) +

∞∑

n=1

d(n)K0(2nα)

)

=
√

β

(
1

4
γ − 1

4
log(4α) +

∞∑

n=1

d(n)K0(2nβ)

)
. (3.14)

Proof. In order to let s → 0 in Theorem 1.1, we need the well-known Laurent
expansions [14, p. 944, formula 8.321, no. 1]

�(s) = 1

s
− γ + · · · (3.15)

and [34, pp. 19–20, equations (2.4.3), (2.4.5)]

ζ(s) = −1

2
− 1

2
log(2π)s + · · · . (3.16)

Hence, letting s → 0 in (1.5) and using (3.15) and (3.16), we find that

√
α

∞∑

n=1

d(n)K0(2nα) −
√

β

∞∑

n=1

d(n)K0(2nβ)

= 1

4
lim
s→0

({(
1

s/2
− γ + · · ·

) (
−1

2
− 1

2
log(2π)s + · · ·

)

×
(√

β

{
1 − 1

2
s log β + · · ·

}
− √

α

{
1 − 1

2
s log α + · · ·

})}

+
{(

1

−s/2
− γ + · · ·

)(
−1

2
+ 1

2
log(2π)s + · · ·

)

×
(√

β

{
1 + 1

2
s log β + · · ·

}
− √

α

{
1 + 1

2
s log α + · · ·

})})

= 1

4
γ (

√
β − √

α ) − 1

2
log(2π)(

√
β − √

α ) + 1

4
(
√

β log β − √
α log α)

= 1

4
γ (

√
β − √

α ) − 1

4
log(4αβ)(

√
β − √

α ) + 1

4
(
√

β log β − √
α log α),

(3.17)

where in the last step we used the equality αβ = π2. A simplification and rearrange-
ment of (3.17) yields (3.14) to complete the proof. �
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4 Kindred Formulas on Page 254 of the Lost Notebook

Entry 4.1 (p. 254). If a > 0,

∫ ∞

0

dx

x(e2πx − 1)(e2πa/x − 1)
= 2

∞∑

n=1

d(n)K0(4π
√

an )

= a

π2

∞∑

n=1

d(n) log(a/n)

a2 − n2
− 1

2
γ −

(
1

4
+ 1

4π2a

)
log a − log(2π)

2π2a
. (4.1)

Proof. Expanding the integrand in geometric series, we find that

∫ ∞

0

dx

x(e2πx − 1)(e2πa/x − 1)
=

∞∑

m=1

∞∑

k=1

∫ ∞

0

1

x
e−2π(mx+ak/x)dx

=
∞∑

m=1

∞∑

k=1

∫ ∞

0

1

u
e−2π(u+akm/u)du

=
∞∑

n=1

d(n)

∫ ∞

0

1

u
e−2π(u+an/u)du

= 2
∞∑

n=1

d(n)K0(4π
√

an ),

which proves the first part of (4.1).
The second identity in (4.1) was actually first proved in print in 1966 by Soni

[32]. Her proof is short, depends on Koshliakov’s formula (1.1), and uses the integral
evaluations (2.3) with ν = 0 and (2.4). We use her idea to prove the second major
claim of Ramanujan on page 254. �

In contrast to the claims on the top and bottom thirds of page 254, the one claim
in the middle of page 254 seems to be missing one element, and so we shall proceed
as we think Ramanujan might have done. Proceeding as we did above and employing
(2.1), we find that

∫ ∞

0

dx√
x(e2πx − 1)(e2πa/x − 1)

=
∞∑

m=1

∞∑

k=1

1√
m

∫ ∞

0

1√
u

e−2π(u+akm/u)du

=
∞∑

n=1

σ−1/2(n)

∫ ∞

0

1√
u

e−2π(u+an/u)du
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= 2
∞∑

n=1

σ−1/2(n)(an)1/4 K1/2(4π
√

an )

= 1√
2

∞∑

n=1

σ−1/2(n)e−4π
√

an, (4.2)

where we have used (2.2). Ramanujan’s next claim gives an identity for the last series
above, with a replaced by a/4.

Entry 4.2 (p. 254). For a > 0,

∞∑

n=1

σ−1/2(n)e−2π
√

an = K a
∞∑

n=1

σ−1/2(n)

(n + a)(
√

n + √
a )

+ two trivial terms. (4.3)

Evidently, K on the right-hand side of (4.3) represents an unspecified constant.
Ramanujan does not divulge the identities of the “two trivial terms.” Our calculation
in (4.2) showing a discrepancy with the series on the left-hand side of (4.3) actually
provides a clue that this series in (4.3) should be replaced by the series on the right-
hand side of (4.2). We next state a corrected version of Entry 4.2 providing the
identities of the constant and the “trivial” terms.

Entry 4.3 (p. 254). If a > 0, then

∞∑

n=1

σ−1/2(n)e−4π
√

an − a

π

∞∑

n=1

σ−1/2(n)

(n + a)(
√

n + √
a )

= 1

2
ζ

(
1

2

) (
1

π
√

a
− 1

)
+ 1

2
ζ

(
−1

2

) (
4π

√
a − 1

πa

)
. (4.4)

Proof. In (1.5), set s = 1
2 and α = x , so that β = π2/x . Then,

√
x

∞∑

n=1

σ−1/2(n)n1/4 K1/4(2nx) − π√
x

∞∑

n=1

σ−1/2(n)n1/4 K1/4(2nπ2/x)

= 1

4
�

(
1

4

)
ζ

(
1

2

)( √
π

x1/4
− x1/4

)
+ 1

4
�

(
−1

4

)
ζ

(
−1

2

) (
π3/2

x3/4
− x3/4

)
.

(4.5)

Multiply both sides of (4.5) by

1

x5/2
K1/4(2aπ2/x)

and integrate over (0,∞). Inverting the order of summation and integration by
absolute convergence, we find that
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∞∑

n=1

σ−1/2(n)n1/4
∫ ∞

0

1

x2
K1/4(2nx)K1/4(2aπ2/x)dx

− π

∞∑

n=1

σ−1/2(n)n1/4
∫ ∞

0

1

x3
K1/4(2nπ2/x)K1/4(2aπ2/x)dx

= 1

4
�

(
1

4

)
ζ

(
1

2

)
(
√

π I3 − I1) + 1

4
�

(
−1

4

)
ζ

(
−1

2

)
(π3/2 I5 − I−1), (4.6)

where

I j =
∫ ∞

0
u j/4 K1/4(2aπ2u)du, (4.7)

and where, to obtain the four integrals on the right-hand side of (4.6), we made the
change of variable x = 1/u in each one.

We examine each of the six integrals in (4.6) in turn. First, using (2.3) and (2.2),
we find that

∫ ∞

0

1

x2
K1/4(2nx)K1/4(2aπ2/x)dx = 1

2aπ
K1/2(4π

√
an )

= 1

4
√

2a5/4n1/4π
e−4π

√
an . (4.8)

Second, making the change of variable u = π2/x and using (2.5), we deduce that
∫ ∞

0

1

x3
K1/4(2nπ2/x)K1/4(2aπ2/x)dx = 1

π4

∫ ∞

0
uK1/4(2nu)K1/4(2au)du

= 1

π4

π(4na)−1/4(
√

2n − √
2a )

2 sin(π/4)(4n2 − 4a2)

=
√

2(an)−1/4

8π3(n + a)(
√

n + √
a )

. (4.9)

In our calculations of I j , j = 3, 1, 5,−1, we employ (2.6). Thus,

I3 = 2−1/4(2aπ2)−7/4�(1)�

(
3

4

)
= 1

4a7/4π7/2
�

(
3

4

)
, (4.10)

I1 = 2−3/4(2aπ2)−5/4�

(
3

4

)
�

(
1

2

)
= 1

4a5/4π2
�

(
3

4

)
, (4.11)

I5 = 21/4(2aπ2)−9/4�

(
5

4

)
�(1) = 1

4a9/4π9/2
�

(
5

4

)
, (4.12)

I−1 = 2−5/4(2aπ2)−3/4�

(
1

2

)
�

(
1

4

)
= 1

4a3/4π
�

(
1

4

)
. (4.13)
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Using (4.8)–(4.13) in (4.6) and making frequent use of the reflection formula

�(z)�(1 − z) = π

sin(π z)
,

we deduce that

1

4
√

2a5/4π

∞∑

n=1

σ−1/2(n)e−4π
√

an − 1

4
√

2a1/4π2

∞∑

n=1

σ−1/2(n)

(n + a)(
√

n + √
a )

=
√

2

16
ζ

(
1

2

) (
1

a7/4π2
− 1

a5/4π

)
+

√
2

16
ζ

(
−1

2

)(
− 1

a9/4π2
+ 4

a3/4

)
.

(4.14)

If we multiply both sides of (4.14) by 4
√

2a5/4π and rearrange slightly, we obtain
(4.4) to complete the proof. �

We record the last two results on page 254 as Ramanujan wrote them, except that
we express the results in terms of Bessel functions. The constant K and the “two
trivial terms” are not necessarily the same as they are in Entry 4.2.

Entry 4.4 (p. 254). If a > 0, then

∫ ∞

0

dx

(e2πx − 1)(e2πa/x − 1)
= 2

√
a

∞∑

n=1

σ−1(n)
√

nK1(4π
√

an ) (4.15)

= K a2
∞∑

n=1

σ−1(n)

n(n + a)
+ two trivial terms. (4.16)

Proof. We prove (4.15). Expanding the integrand in geometric series, setting
mx = u, and invoking (2.1), we find that

∫ ∞

0

dx

(e2πx − 1)(e2πa/x − 1)
=

∞∑

m=1

∞∑

k=1

1

m

∫ ∞

0
e−2π(u+akm/u)du

=
∞∑

n=1

σ−1(n)

∫ ∞

0
e−2π(u+an/u)du

= 2
√

a
∞∑

n=1

σ−1(n)
√

nK1(4π
√

an ).

�

Lastly, we provide and prove a more precise version of (4.16) giving the identities
of the missing terms.
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Entry 4.5 (p. 254). If a > 0 and γ denotes Euler’s constant, then

2
√

a
∞∑

n=1

σ−1(n)
√

nK1(4π
√

an )

= − a2

2π

∞∑

n=1

σ−1(n)

n(n + a)
+ a

2π
((log a + γ )ζ(2) + ζ ′(2))

+ 1

4π
(log 2aπ + γ ) + 1

48aπ
. (4.17)

Proof. In (3.10), set α = x , so that β = π2/x . Recalling (2.2), we find that

2√
π

∞∑

n=1

σ−1(n)
√

nx K1/2(2nx)

=
( ∞∑

n=1

σ−1(n)e−2nπ2/x − x

12

)
+ 1

2
log

x

π
+ π2

12x

=: I1 + I2 + I3. (4.18)

Next, multiply both sides of (4.18) by

1

x5/2
K1/2(2aπ2/x)

and integrate over (0,∞).
Consider first the series arising on the left-hand side of (4.18). Inverting the order

of summation and integration on the left-hand side by absolute convergence, we
arrive at

2√
π

∞∑

n=1

σ−1(n)
√

n
∫ ∞

0

1

x2
K1/2(2nx)K1/2(2aπ2/x)dx

= 1

aπ3/2

∞∑

n=1

σ−1(n)
√

nK1(4π
√

an ), (4.19)

where we have employed (2.3).
Second, the contribution from I3 in (4.18) is given by

π2

12

∫ ∞

0
x−7/2 K1/2(2aπ2/x)dx = π2

12

∫ ∞

0
u3/2 K1/2(2aπ2u)du = 1

96a5/2π5/2
,

(4.20)

where we used (2.6) in the last step with μ = 3/2, ν = 1/2, and a replaced by 2aπ2.
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Third, using (2.2), we find that the contribution from I2 in (4.18) is equal to

1

2

∫ ∞

0
x−5/2 log(x/π)K1/2(2aπ2/x)dx

= 1

4
√

aπ

∫ ∞

0
x−2 log(x/π)e−2aπ2/x dx

= 1

8a3/2π5/2

∫ ∞

0
log(2aπ/u)e−udu

= 1

8a3/2π5/2

{∫ ∞

0
e−u log(2aπ)du −

∫ ∞

0
e−u log u du

}

= 1

8a3/2π5/2

{
log(2aπ) −

∫ ∞

0
e−u log u du

}

= 1

8a3/2π5/2
{log(2aπ) + γ } , (4.21)

since [14, p. 602, formula 4.331, no. 1]

γ = −
∫ ∞

0
e−u log u du.

Finally, the contribution from I1 in (4.18) is given by

J :=
∫ ∞

0

( ∞∑

n=1

σ−1(n)e−2nπ2/x − 1

12
x

)
x−5/2 K1/2(2aπ2/x)dx . (4.22)

Note that ζ(2) = π2/6. Thus, we can write

∞∑

n=1

σ−1(n)e−2nπ2/x − 1

12
x =

∞∑

n=1

∑

d|n

1

d
e−2nπ2/x − 1

12
x

=
∞∑

d=1

∞∑

m=1

1

d
e−2mdπ2/x − 1

12
x

=
∞∑

d=1

1

d

1

e2dπ2/x − 1
−

( ∞∑

n=1

1

n2

)
x

2π2
. (4.23)

Using (4.23) and (2.2) in (4.22), we see that

J =
∫ ∞

0

( ∞∑

n=1

1

n

1

e2nπ2/x − 1
−

( ∞∑

n=1

1

n2

)
x

2π2

)
1

2
√

aπ
e−2aπ2/x dx

x2

= 1

2
√

aπ

∫ ∞

0

∞∑

n=1

1

n

(
1

e2nπ2/x − 1
− 1

2nπ2/x

)
e−2aπ2/x dx

x2
. (4.24)
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Since for z > 0,
1

ez − 1
− 1

z
< 0,

we can change the order of summation and integration by the monotone convergence
theorem. Hence,

J = 1

2
√

aπ

∞∑

n=1

1

n

∫ ∞

0

(
1

e2nπ2/x − 1
− 1

2nπ2/x

)
e−2aπ2/x dx

x2

= 1

4
√

aπ5/2

∞∑

n=1

1

n2

∫ ∞

0

(
1

eu − 1
− 1

u

)
e−au/ndu. (4.25)

Consider now two different expressions for the logarithmic derivative of the
gamma function, namely [14, p. 952, formula 8.362, no. 1; formula 8.361, no. 8],

�′(z)
�(z)

= −γ − 1

z
+

∞∑

n=1

z

n(n + z)

= log z − 1

z
−

∫ ∞

0

(
1

et − 1
− 1

t

)
e−t zdt,

where Re z > 0. Hence,

∫ ∞

0

(
1

eu − 1
− 1

u

)
e−au/ndu = log(a/n) + γ −

∞∑

m=1

a

m(mn + a)
. (4.26)

Putting (4.26) in (4.25), we find that

J = 1

4a1/2π5/2

∞∑

n=1

1

n2

(
log(a/n) + γ −

∞∑

m=1

a

m(mn + a)

)

= 1

4a1/2π5/2

(
(log a + γ )ζ(2) −

∞∑

n=1

log n

n2
−

∞∑

n=1

∞∑

m=1

a

n2m(mn + a)

)

= 1

4a1/2π5/2

(
(log a + γ )ζ(2) + ζ ′(2) − a

∞∑

n=1

σ−1(n)

n(n + a)

)

= − a1/2

4π5/2

∞∑

n=1

σ−1(n)

n(n + a)
+ 1

4a1/2π5/2
((log a + γ )ζ(2) + ζ ′(2)). (4.27)

We now combine all our calculations that arose from (4.18), namely, (4.19),
(4.20), (4.21), (4.22), and (4.27), to deduce that
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1

aπ3/2

∞∑

n=1

σ−1(n)
√

nK1(4π
√

an )

= 1

96a5/2π5/2
+ 1

8a3/2π5/2
{log(2aπ) + γ }

− a1/2

4π5/2

∞∑

n=1

σ−1(n)

n(n + a)
+ 1

4a1/2π5/2
((log a + γ )ζ(2) + ζ ′(2)). (4.28)

Finally multiply both sides of (4.28) by 2π3/2a3/2 to deduce (4.17) and complete the
proof. �

5 Analogues of Guinand’s Formula

Extensive analogues of Guinand’s formula in Theorem 3.1 and Watson’s lemma
(Lemma 3.2) have been derived by Berndt [3]. To state these theorems completely,
we need a lengthy definition. Throughout this section, s = σ + i t , with σ and t both
real.

Definition 5.1. Let λn and μn , 1 ≤ n < ∞, be two sequences of positive numbers
strictly increasing to ∞, and let a(n) and b(n), 1 ≤ n < ∞, be two sequences of
complex numbers not identically zero. Consider the functions ϕ(s) and ψ(s) repre-
sentable as Dirichlet series

ϕ(s) =
∞∑

n=1

a(n)λ−s
n and ψ(s) =

∞∑

n=1

b(n)μ−s
n

with finite abscissas of absolute convergence σa and σ ∗
a , respectively. For any posi-

tive integer N , let

�(s) =
N∏

k=1

�(αks + βk),

where αk > 0 and βk is complex, 1 ≤ k ≤ N . If r is real, we say that ϕ and ψ satisfy
the functional equation

�(s)ϕ(s) = �(r − s)ψ(r − s) (5.1)

if there exists in the s-plane a domain D, the exterior of a compact set S, such that in
D a holomorphic function χ exists with the following properties:

χ(s) = �(s)ϕ(s), σ > σa, χ(s) = �(r − s)ψ(r − s), σ < r − σa∗;(i)

lim
|t |→∞

χ(σ + i t) = 0,(ii)

uniformly in every interval − ∞ < σ1 ≤ σ ≤ σ2 < ∞.
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In particular, if �(s) = �(s), then (5.1) reduces to Hecke’s functional equation

�(s)ϕ(s) = �(r − s)ψ(r − s). (5.2)

We now give an analogue of Lemma 3.2; a proof can be found in [3, p. 342,
Theorem 8.1].

Theorem 5.2. Suppose that ϕ(s) satisfies Definition 5.1 and (5.2). Define for a > 0
and σ > σa,

ϕ(s, a) =
∞∑

n=1

a(n)(λn + a)−s .

Let D be a domain on which

∞∑

n=1

b(n)Ks−r (2
√

μna )μ
(s−r)/2
n

converges uniformly. Suppose that the singularities of χ(w) are at most poles. Let
R(s, a) denote the sum of the residues of χ(w)�(s − w)aw−s at the poles of χ(w).
Then, if s ∈ D,

�(s)ϕ(s, a) = 2
∞∑

n=1

b(n)
(μn

a

)(s−r)/2
Ks−r (2

√
μna ) + R(s, a). (5.3)

Conversely, if ϕ(s, a) satisfies (5.3), then ϕ satisfies (5.2).

Lastly, we state an analogue of Guinand’s formula, Entry 3.1; see [3, p. 343,
Theorem 9.1] for a proof.

Theorem 5.3. Suppose that ϕ(s) satisfies Definition 5.1 and (5.2). Define, for x > 0,

P(x) := 1

2π i

∫

C
χ(s)x−sds,

where C is a curve, or curves, containing S from Definition 5.1 on its interior. If s is
any complex number and Re a, Re b > 0, then

2
∞∑

n=1

a(n)

(
b

λn + a

)s/2

Ks

(
2
√

(λn + a)b
)

=
∫ ∞

0
xs−1e−ax−b/x P(x)dx

+ 2
∞∑

n=1

b(n)

(
a

μn + b

)(r−s)/2

Kr−s

(
2
√

(μn + b)a
)

.
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Example 1. Let rk(n) denote the number of representations of the positive integer n
as a sum of k squares, where k ≥ 2. Then

ϕ(s) := ζk(s) =
∞∑

n=1

rk(n)n−s, σ > 1,

denotes the Epstein zeta function associated with the quadratic form n2
1+n2

2+· · ·+n2
k .

It is well known that ζk(s) satisfies the functional equation [10, p. 18]

π−s�(s)ζk(s) = π−(k/2−s)�

(
1

2
k − s

)
ζk

(
1

2
k − s

)
.

Thus, a(n) = b(n) = rk(n), λn = μn = πn, and r = 1
2 k. It is also known [10, p. 19]

that P(x) = −1 + πk/2x−k/2. Hence, from (5.3), for any s ∈ C,
∫ ∞

0
xs−1e−ax−b/x P(x)dx

=
∫ ∞

0
e−ax−b/x (−xs−1 + πk/2xs−k/2−1)dx

= −2

(
b

a

)s/2

Ks(2
√

ab ) + 2

(
b

a

)(s−k/2)/2

Ks−k/2(2
√

ab ), (5.4)

where we have made two applications of (2.1). Define rk(0) = 1. In Theorem 5.3,
replace a and b by πa and πb, respectively, and use (5.4) to deduce that for all
complex numbers s,

∞∑

n=0

rk(n)

(
b

n + a

)s/2

Ks

(
2π

√
(n + a)b

)

=
∞∑

n=0

rk(n)

(
a

n + b

)(k/2−s)/2

Kk/2−s

(
2π

√
(n + b)a

)
. (5.5)

In particular, if s = 1
2 and k = 2, then on the use of (2.2), we see that (5.5) reduces

to the identity

∞∑

n=0

r2(n)√
n + a

e−2π
√

(n+a)b =
∞∑

n=0

r2(n)√
n + b

e−2π
√

(n+b)a . (5.6)

This identity was first proved by Ramanujan and communicated to G.H. Hardy,
who recorded and sketched a proof of it in his paper [16, p. 283], [17, p. 263]
on the famous “circle problem.” In fact, Hardy derived the corresponding identity
for representations of an integer by an arbitrary positive definite quadratic form in
two variables. The identity (5.6) cannot be found in Ramanujan’s published papers
or notebooks. Another proof of (5.6) was given by Dixon and Ferrar [11]. The
symmetry of (5.5) and (5.6) in the parameters a and b is striking.
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Example 2. Let τ(n) denote Ramanujan’s famous τ -function, and let

R(s) :=
∞∑

n=1

τ(n)n−s, σ >
13

2
,

denote Ramanujan’s Dirichlet series. Then R(s) satisfies the functional equation [24]

(2π)−s�(s)R(s) = (2π)−(12−s)�(12 − s)R(12 − s).

We apply (5.3) with λn = μn = 2πn and a(n) = b(n) = τ(n), n ≥ 1. Also
[10, p. 16], [24], P(x) ≡ 0. Hence, if we replace a and b by 2πa and 2πb, respec-
tively, we find that for any complex number s,

∞∑

n=1

τ(n)

(
b

n + a

)s/2

Ks

(
4π

√
(n + a)b

)

=
∞∑

n=1

τ(n)

(
a

n + b

)(12−s)/2

K12−s

(
4π

√
(n + b)a

)
, (5.7)

which indeed is a beautiful identity.

The authors are pleased to acknowledge the helpful comments of Scott Ahlgren,
Carlos Moreno, and Yoshio Tanigawa.
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Summary. This paper illustrates some of the power and beauty of determinant evalua-
tions, beginning with Cauchy’s proof of the Vandermonde determinant evaluation, continuing
through the Weyl denominator formulas and some open conjectures on alternating-sign
matrices, and ending with the Izergin–Korepin determinant expansion for the six-vertex model
with domain wall boundary conditions.
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1 Introduction

Symmetry is one of the great organizing principles of mathematics. If the purpose of
mathematics is to discover the underlying patterns of our universe, then the search
for symmetry indicates where to look for these patterns. Symmetry is also a powerful
tool that provides us with simple and elegant proofs of algebraic results. At the heart
of any argument involving symmetry lies the full symmetric group Sn . The struc-
ture of the full symmetry group is intimately bound to the determinant. The purpose
of this paper is to illustrate some of the power and beauty of determinant evalua-
tions, beginning with Cauchy’s proof of the Vandermonde determinant evaluation
and ending with the Izergin–Korepin determinant expansion for the six-vertex model
with domain wall boundary conditions.

In Section 2, I will describe how symmetry leads to simple proofs of the
Vandermonde determinant formula, and how this approach is generalized to the Weyl
denominator formulas. Sections 3 through 5 introduce alternating-sign matrices,
explain their connection to the Vandermonde determinant, and describe some of
the conjectures that arose between 1980 and 1995. In Section 6, I will explain the
connection between alternating-sign matrices and the 6-vertex model of statistical
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mechanics, sketch the proof of the determinant formula for the partition function
of the six-vertex model, and summarize recent work of Kuperberg and Okada that
exploits the symmetry implicit in Baxter’s triangle-to-triangle relation.

2 The Vandermonde Determinant and Its Successors

The Vandermonde determinant formula was first stated in its full generality by
A.-L. Cauchy in 1815 [5]:

∣∣∣∣∣∣∣∣∣∣

xn−1
1 xn−1

2 · · · xn−1
n

...
...

. . .
...

x1
1 x1

2 · · · x1
n

x0
1 x0

2 · · · x0
n

∣∣∣∣∣∣∣∣∣∣

=
∑

σ∈Sn

(−1)Inv(n)
n∏

i=1

xn−σ(i)
i =

∏

1≤i< j≤n

(xi − x j ). (1)

His proof is elegant. If we define the determinant as the given sum over permutations,
then the determinant is an alternating polynomial in the variables x1, . . . , xn (inter-
changing any two of the variables changes the sign of the expression). This means
that if for any pair i < j we have xi = x j , then the value of the polynomial is 0. This
polynomial is divisible by

∏
i< j (xi − x j ). Since the determinant and the product

have the same total degree, their ratio must be constant. Comparing coefficients of
the monomial xn−1

1 xn−2
2 · · · x1

n−1x0
n reveals that this constant is 1.

Cauchy obtained more than just the Vandermonde determinant formula. He
observed that any alternating polynomial is divisible by this Vandermonde product,
and the resulting ratio is a symmetric polynomial. In particular, he observed that if
λ = (λ1, λ2, . . . , λn) ∈ Z

n where λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0, then
∣∣∣∣∣∣∣∣∣∣∣
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2 · · · xλn−1+1
n

xλn
1 xλn
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. . .
...

x1
1 x1

2 · · · x1
n

x0
1 x0

2 · · · x0
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∣∣∣∣∣∣∣∣∣∣

= sλ(x1, . . . , xn) (2)

is a symmetric polynomial.
Today we call this polynomial the Schur function, named for Issai Schur, who

in 1917 [17], recognized it as the character of the irreducible representation of
GLn indexed by λ. As the character of this irreducible representation, it has several
remarkable properties. We let ei denote the unit vector in the i th direction, An−1 the
(n − 1)-dimensional set of vectors
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An−1 = {±(ei − e j ) | 1 ≤ i < j ≤ n},
A+

n−1 the subset of positive vectors, ei −e j , i < j , and ρ the half-sum of the elements
of A+

n−1,

ρ = 1

2

∑

r∈A+
n−1

r =
(

n − 1

2
,

n − 3

2
, . . . ,

1 − n

2

)
.

The symmetric group Sn acts on An−1 by permuting the subscripts of the unit vectors
ei . When all variables in the Schur function are set equal to 1, its value is the dimen-
sion of this representation, and this dimension can be calculated by the formula

sλ(1, 1, . . . , 1) =
∏

r∈A+
n−1

(ρ + λ) · r

ρ · r
. (3)

Hermann Weyl extended this result to other classical groups in his 1939 treatise
The Classical Groups: Their Invariants and Representations [18]. For the subgroup
of isometries within GL2n , the sympletic group Sp2n , the character of the represen-
tation indexed by the partition λ is given by the ratio of determinants

Sp2n(λ; �x)

=

∣∣∣∣∣∣∣∣∣∣∣
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1 xλ1+n
2 − x−λ1−n

2 · · · xλ1+n
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...
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2 · · · xλn+1
n − x−λn−1

n
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1 xn
2 − x−n

2 · · · xn
n − x−n
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. . .
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x2
1 − x−2

1 x2
2 − x−2
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n − x−2

n
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1 − x−1

1 x1
2 − x−1

2 · · · x1
n − x−1

n

∣∣∣∣∣∣∣∣∣∣

. (4)

This character has a similar formula for the dimension:

Sp(λ; �1 ) =
∏

r∈C+
n

(ρ + λ) · r

ρ · r
, (5)

where C+
n is defined as

C+
n = {ei ± e j | 1 ≤ i < j ≤ n} ∪ {2i | 1 ≤ i ≤ n},

and ρ is the half-sum of these vectors:

ρ = 1

2

∑

r∈C+
n

r = (n, n − 1, . . . , 1).
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Like the Vandermonde product, the denominator of this character has a product
representation with a comparably simple proof. If we multiply this determinant by
the monomial (x1x2 · · · xn)n , we get an alternating polynomial that when divided by
the Vandermonde product, yields a symmetric polynomial:

∣∣∣∣∣∣∣∣∣∣
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1 xn
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2 · · · xn
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...
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2 · · · x2
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n
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1 x1
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2 · · · x1
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n
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(x1x2 · · · xn)n
∏

1≤i< j≤n(xi − x j )
.

As a polynomial in x1, the degree is n+1. By inspection, we see that this polynomial
is zero when x1 = ±1 and when x1 = x−1

j , j ≥ 2. By symmetry, it must equal

n∏

j=1

(x2
j − 1)

n∏

1≤i< j≤n

(xi x j − 1),

up to a constant factor that is easily checked to be 1. It follows that
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1 x1
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= (x1x2 · · · xn)−n
n∏

j=1

(x2
j − 1)

n∏

1≤i< j≤n

[(xi − x j )(xi x j − 1)]. (6)

Similar formulas can be proven by similar methods for the denominators of the
characters of the orthogonal group, where there are two forms depending on whether
the dimension is odd or even:
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j=1

(x j − 1)

n∏

1≤i< j≤n

[(xi − x j )(xi x j − 1)], (7)
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∣∣∣∣∣∣∣∣∣∣
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= 2 (x1x2 · · · xn)−n+1
n∏

1≤i< j≤n

[(xi − x j )(xi x j − 1)]. (8)

3 A Different Generalization of the Vandermonde Product

There is a very different direction in which we can generalize the Vandermonde
product. The starting point is the Desnanot–Jacobi adjoint matrix theorem [6, 8]. If
we let Mi

j denote the minor of the matrix M obtained by removing row i and column
j , then

det M = det M1
1 · det Mn

n − det Mn
1 · det M1

n

det M1,n
1,n

. (9)

If we define the determinant of the empty matrix to be 1 and the determinant of
a 1 × 1 matrix to be the single entry in that matrix, then equation (9) provides a
recursive definition of the general determinant. This recursive definition can be used
to give a simple inductive proof of the Vandermonde determinant formula. If we
modify the recursion, we get a modification of the Vandermonde determinant.

In 1980, David Robbins considered a λ-determinant defined recursively by

detλM = detλ M1
1 · detλ Mn

n + λ detλ Mn
1 · detλ M1

n

detλ M1,n
1,n

. (10)

The usual determinant is the case λ = −1. If we apply this λ-determinant to the
Vandermonde matrix (xn−i

j )n
i, j=1, we get the product

detλ(xn−i
j ) =

∏

1≤i< j≤n

(xi + λx j ). (11)

We would expect the λ-determinant of a general matrix (xi j ) to be extremely
complicated. At each iteration we take a ratio of rational functions in λ and the
xi . What was surprising when Robbins first calculated these λ-determinants using
ALTRAN, one of the early computer algebra systems, was that rather than intricate
rational functions, the λ-determinants turned out to be predictable Laurent polyno-
mials in λ and the x j . For the 2 × 2 and 3 × 3 cases, this can be expected:

detλ

(
a b
c d

)
= ad + λbc,
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detλ

⎛

⎝
a b c
d e f
g h i

⎞

⎠ = aej + λ(bd j + a f h) + λ2(b f g + cdh) + λ3ceg

+λ(1 + λ)bde−1 f h.

The surprise came when it was discovered that all terms in the expansion of the
λ-determinant of a matrix of any size were of the form a power of λ times a power of
1+λ−1 times a monomial in xi j and x−1

i j . The monomials of an ordinary determinant
can be expressed in terms of permutations. The monomials that Robbins found could
all be expressed in terms of a generalization of the permutation matrix that he dubbed
an alternating-sign matrix. This is a matrix such as

⎛

⎜⎜⎝

0 1 0 0
1 −1 0 1
0 0 0 1
0 1 0 0

⎞

⎟⎟⎠ ,

where each row and each column sums to 1, and the nonzero entries in each row and
column alternate in sign. Permutation matrices form a subset of the alternating-sign
matrices.

Specifically, what Robbins and Rumsey [16] eventually proved was that

detλ(xi, j ) =
∑

A=(ai, j )∈An

λInv(A)(1 + λ−1)N (A)
n∏

i, j=1

x
ai, j
i, j , (12)

where An is the set of n × n alternating-sign matrices, N (A) is the number of −1’s
in A, and Inv(A) is the inversion number of A, defined as the sum of xi, j · xk,l over
all pairs (xi, j , xk,l) for which i < k and j > l.

Thus, for example, the 4 × 4 alternating-sign matrix shown above corresponds to
the term

λ3(1 + λ−1)x1,2x2,1x−1
2,2x3,4x4,2.

Another correspondence is given by
⎛

⎜⎜⎝

0 1 0 0
1 −1 1 0
0 1 −1 1
0 0 1 0

⎞

⎟⎟⎠ ←→ λ3(1 + λ−1)2x1,2x2,1x−1
2,2x2,3x3,2x−1

3,3x3,4x4,3.

An immediate corollary is that
∏

1≤i< j≤n

(xi + λx j ) =
∑

A∈An

λInv(A)(1 + λ−1)N (A)
∏

i, j

x
(n−i)ai, j
j . (13)

This is a remarkable formula. The formal expansion of the Vandermonde product
creates 2n(n−1)/2 terms, but there is a great deal of cancellation, eliminating all but
n! terms. There is no cancellation when

∏
1≤i< j≤n(xi + λx j ) is expanded into its

2n(n−1)/2 terms. Nevertheless, these terms can be collected as a sum over alternating-
sign matrices. Similar λ-extensions of the other Weyl denominator formulas were
published by Soichi Okada in 1993 [13].
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4 Counting Alternating-Sign Matrices

An obvious question is to ask for the number of n ×n alternating-sign matrices. How
much smaller than 2n(n−1)/2 is it? Robbins and Rumsey found an efficient algorithm
for counting these up to n = 20 and discovered that the cardinalities were products
of suspiciously small primes:

|A1| = 1,

|A2| = 2,

|A3| = 7,

|A4| = 42 = 2 · 3 · 7,

|A5| = 429 = 3 · 11 · 13,

|A6| = 7436 = 22 · 11 · 132,

|A7| = 218348 = 22 · 132 · 17 · 19,

|A8| = 10850216 = 23 · ·13 · 172 · 192,

|A9| = 911835460 = 22 · 5 · 172 · 193 · 23.

Robbins analyzed this sequence by taking each set An and splitting it into n disjoint
subsets, where An,k consists of the n × n alternating-sign matrices with a 1 in row
1, column k. He created a Pascal-like triangle of these values, where An,k = ∣∣An,k

∣∣
is the kth entry of row n:

1
1 1

2 3 2
7 14 14 7

42 105 135 105 42
429 1287 2002 2002 1287 429

We note that the first entry in each row is the sum of the entries in the row above,
An,1 = An−1. This is easy to justify, since An,1 counts alternating-sign matrices with
a 1 in the upper left-hand corner, and the number of them is the number of ways of
filling the (n − 1) × (n − 1) minor in the lower right-hand corner. A more profound
observation is that the ratios of consecutive terms satisfy a curious pattern in which
one adds numerators and denominators:

1
1 2/2 1

2 2/3 3 3/2 2
7 2/4 14 5/5 14 4/2 7

42 2/5 105 7/9 135 9/7 105 5/2 42
429 2/6 1287 9/14 2002 16/16 2002 14/9 1287 6/2 429
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With a little effort, we can recognize the numerators and denominators as sums of
binomial coefficients, leading to the first of the Mills, Robbins, Rumsey conjectures:

An,k

An,k+1
=

(n−2
k−1

) + (n−1
k−1

)
( n−2

n−k−1

) + ( n−1
n−k−1

) . (14)

These ratios together with the fact that An,1 = An−1 and A1 = 1 uniquely deter-
mine all values An,k . In particular, we get the second of the Mills, Robbins, Rumsey
conjectures:

An =
n−1∏

j=0

(3 j + 1)!

(n + j)!
. (15)

Through Richard Stanley, Robbins learned that George Andrews had previously
encountered this ratio of factorials and had proven that it counts Dn , the number of
descending plane partitions that fit into an n × n × n box. To prove the conjecture
given in equation (15), they would only need to find a one-to-one correspondence
between the plane partitions counted by Dn and the n × n alternating-sign matrices.

Though equations (14) and (15) have since been proven, a natural correspon-
dence that would establish that these two sets are equinumerous is still unknown. The
search for this correspondence, however, was almost immediately fruitful, suggesting
questions for both plane partitions and alternating-sign matrices that would enable
very rapid progress in both areas. This story is told in Proofs and Confirmations [3]
(see also [4]).

5 More Conjectures

One important conjecture of Mills, Robbins, and Rumsey [12] concerns the polyno-
mials defined by

A(n; x) =
∑

A∈An

x N (A).

A few specific values are given by

A(1; x) = 1,

A(2; x) = 2,

A(3; x) = 6 + x,

A(4; x) = 24 + 16x + 2x2,

A(5; x) = 120 + 200x + 94x2 + 14x3 + x4,

A(6; x) = 720 + 2400x + 2684x2 + 1284x3 + 310x4 + 36x5 + 2x6,

A(7; x) = 5040 + 24900x + 63308x2 + 66158x3 + 38390x4 + 13037x5 + 2660x6

+328x7 + 268 + x9.
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We see that A(n; 0) = n!, A(n; 1) = An , and (from equation (13)), A(n; 2) =
2n(n−1)/2. Mills, Robbins, and Rumsey discovered that there is one more integer
value of x that appears to yield a comparable formula:

A(n; 3) = 3n(n−1)

2n(n−1)

∏

1≤i, j≤n
j−i odd

3( j − i) + 1

3( j − i)
. (16)

Another direction in which conjectures arose was from considering subsets of An

that are invariant under certain simple transformations. For example, in 1991 Mills
and Robbins [15] conjectured that

AV(2n + 1) = (−3)n2

⎛

⎜⎝
∏

1≤i, j≤2n+1
2| j

3( j − i) + 1

j − i + 2n + 1

⎞

⎟⎠ An, (17)

AHT(2n) = (−3)n(n−1)/2

⎛

⎝
∏

1≤i, j≤n

3( j − i) + 2

j − i + n

⎞

⎠ An, (18)

AQT(4n) = AHT(2n) · A2
n, (19)

where AV(2n + 1) counts vertically symmetric (2n + 1) × (2n + 1) alternating-sign
matrices, AHT(2n) counts 2n × 2n alternating-sign matrices that are invariant under
180◦ rotation (half-turn), and AQT(4n) counts 4n × 4n alternating-sign matrices that
are invariant under 90◦ rotation (quarter-turn).

The first real break through in the many conjectures surrounding alternating-sign
matrices came with Doron Zeilberger’s 1995 proof [19] of equation (15). It was an
84-page tour de force that was followed a year later by a much simpler proof by
Greg Kuperberg [10], made possible by his recognition that there were results in
statistical mechanics that were directly applicable to these questions. In particular,
alternating-sign matrices are simply six-vertex models with a particular choice of
boundary conditions.

6 The Six-Vertex Model

A six-vertex model is a directed graph on a square lattice as illustrated in Figure 3.1.
Each vertex has in-degree and out-degree two, so that there are six possible configu-
rations at each vertex. The boundary conditions that turn these into alternating-sign
matrices are that there are in-edges along the left and right boundaries, out-edges
along the top and bottom. The directed graph shown in the figure corresponds to the
alternating-sign matrix ⎛

⎜⎜⎜⎜⎝

0 1 0 0 0
1 −1 0 1 0
0 1 0 −1 1
0 0 0 1 0
0 0 1 0 0

⎞

⎟⎟⎟⎟⎠
.
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↑ ↑ ↑ ↑ ↑
→ • → • ← • ← • ← • ←

↑ ↓ ↑ ↑ ↑
→ • ← • → • → • ← • ←

↓ ↑ ↑ ↓ ↑
→ • → • ← • ← • → • ←

↓ ↓ ↑ ↑ ↓
→ • → • → • → • ← • ←

↓ ↓ ↑ ↓ ↓
→ • → • → • ← • ← • ←

↓ ↓ ↓ ↓ ↓

Fig. 3.1. Directed graph on a square lattice.

Horizontal vertices,
↑

→ • ←
↓

, correspond to +1, vertical vertices,
↓

← • →
↑

, corres-

pond to −1, and once these vertices have been placed, the orientations of all other
directed edges are uniquely determined by the boundaries and the requirement that
at each vertex, in-degree equals out-degree equals 2.

The number N (A) of −1’s in the alternating-sign matrix is the number of verti-
cal vertices. The inversion number is equal to N (A) plus the number of southwest

vertices,
↑

→ • →
↑

.

To the vertex in row i , column j , we assign the pair of variables (xi , y j ) and
then define the weight of that vertex in the alternating-sign matrix or corresponding
directed graph A by

wi, j (A) =

⎧
⎪⎨

⎪⎩

σ(a2), if vertex is horizontal or vertical,

σ (axi/y j ), if vertex is southeast or northwest,

σ(ay j/xi ), if vertex is southwest or northeast,

where σ(z) = z − z−1.
The weight of A is the product of the weights of its vertices. The partition func-

tion sums the weight of A over all A ∈ An . Anatoli Izergin [7] (see also [9]) recog-
nized that this partition function could be expressed as a determinant:

∑

A∈An

∏

i, j

wi, j (A)

= det

(
1

σ(axi/y j ) · σ(ay j/xi )

) ∏n
i, j=1 σ(axi/y j ) · σ(ay j/xi )∏
1≤i< j≤n σ(x j/xi ) · σ(yi/y j )

σ (a2)n . (20)

The proof is reminiscent of the proof of the Vandermonde determinant formula.
If we multiply each side of equation (20) by the monomial (x1 · · · xn y1 · · · yn)n−1,
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then each side becomes a polynomial in x2
1 , . . . , x2

n , y2
1 , . . . , y2

n . As a polynomial
in x2

1 , each side has degree n − 1. The right side, an alternating function divided by
Vandermonde products, is symmetric in the x2

i and symmetric in the y2
j . We induct

on n. It is fairly simple to show that if the formula is valid at n − 1, then the two
expressions must be equal when x1 = y1. If the partition function on the left is also
symmetric in the y2

j , then these polynomials in x2
1 agree at n values and so must be

identical. The heart of the proof is showing that the partition function is a symmetric
function in the x2

i and in the y2
j . This follows from Rodney Baxter’s triangle-to-

triangle relation [1, 2].
If we now set xi = yi = 1 for all i , the partition function on the left side of

equation (20) becomes

σ(a2)n · σ(a)n2−n
∑

A∈An

(a + a−1)2N (A).

The right side requires some finesse, since simple substitution results in a highly
singular matrix divided by a high power of 0. What Kuperberg did, in essence, was
to set xi = qi , y j = q j , evaluate the determinant, and then take the limit q → 1. For
a = eπ i/3, we have (a+a−1)2 = 1, and this yields the formula for An , equation (15).
For z = eπ i/4, we get the formula for A(n; 2). And for z = eπ i/6, this gives us a
proof of the conjecture in equation (16).

Once the power of this determinant formula for the partition function and
the triangle-to-triangle relation that lies behind it were recognized, more results
followed. In 1996, Zeilberger [20] proved the original conjecture, equation (14).
In 2001, Kuperberg [11] proved the three conjectures given in equations (17), (18),
(19). He was able to prove much more. As an example, he defined UU alternating-
sign matrices: one reads row 2i − 1 from left to right and then comes back, reading
right to left along row 2i . The sum of the entries must be 1, and the nonzero entries
must alternate in sign. At the same time, reading up column 2 j − 1 and then back
down column 2 j , the sum of the entries must be 1 with nonzero entries alternating
in sign. An example of such a UU alternating-sign matrix is

⎛

⎜⎜⎝

1 −1 0 1
0 1 −1 0
0 0 0 0
0 0 1 0

⎞

⎟⎟⎠ .

Kuperberg proved that the number of 2n × 2n UU alternating-sign matrices is

AUU (2n) = (−3)n2
22n

∏

1≤i, j≤2n+1
2| j

3( j − i) + 2

j − i + 2n + 1
. (21)

In 2004, Okada [14] proved an important conjecture that had eluded Kuperberg,
the product formula for the number of (2n + 1) × (2n + 1) alternating-sign matrices
that are both vertically and horizontally symmetric. Significantly, Okada also tied
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these formulas back to the Weyl character formulas. The simplest and most striking
of these is for the partition function for alternating-sign matrices with a = eπ i/3:

∑

A∈An

∏

i, j

wi, j (A)
∣∣
a=eπ i/3

= 3−n(n−1)/2(x1 · · · xn y1 · · · yn)1−nsλ(x2
1 , . . . , x2

n , y2
1 , . . . , y2

n), (22)

where sλ is the Schur function indexed by the partition

λ = (n − 1, n − 1, n − 2, n − 2, . . . , 1, 1, 0, 0).

In particular, the number of n × n alternating-sign matrices is 3−n(n−1)/2 times the
dimension of the irreducible representation of GL2n indexed by this λ. If we apply
Schur’s formula, equation (3), we see that

An = 3−n(n−1)/2
∏

1≤i< j≤2n


(3 j + 1)/2� − 
(3i + 1)/2�
j − i

, (23)

which, with a little arithmetic manipulation, can be recognized as
∏n−1

j=0(3 j + 1)!/
(n + j)!.

The partition function for vertically symmetric six-vertex models on a (2n +1)×
(2n + 1) lattice evaluated at a = eπ i/3 is 3−n(n−1) times the symplectic character
SP4n(λ; x2

1 , . . . , x2
n , y2

1 , . . . , y2
n) defined in equation (5). The integer partition λ is

the same, λ = (n − 1, n − 1, . . . , 0, 0). Okada proved the conjectured formulas for
vertically and horizontally symmetric alternating-sign matrices by connecting the
relevant partition functions to the characters of the symplectic group and of Õ2n , the
double cover of the orthogonal group O2n .

There is more to do. Conjectured formulas for the number of half-turn symmetric,
quarter-turn symmetric, and diagonally symmetric alternating-sign matrices have not
been proven for odd dimensions. Okada has reformulated the half-turn and diagonal
conjectures in terms of evaluations of Schur functions. More profoundly, we are
only just beginning to understand what undergirds all of these relationships. Most of
those who have worked on these problems recognize that these must be shadows of
relationships that properly belong to representation theory. That is just another way
of saying that, ultimately, this is really all about symmetry.
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5. Augustin-Louis Cauchy. Mémoire sur les fonctions qui ne peuvent obtenir que deux
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Summary. In these notes we try to demonstrate the utility of the theory of theta functions in
combinatorial number theory and complex analysis. The main idea is to use identities among
theta functions to deduce either useful number-theoretic information related to representations
as sums of squares and triangular numbers, statements concerning congruences, or statements
concerning partitions of sets of integers. In complex analysis the main utility is in the theory
of compact Riemann surfaces, with which we do not deal. We do show how identities among
theta functions yield proofs of Picard’s theorem and a conformal map of the rectangle onto the
disk.
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1 Introduction

This chapter is a slight elaboration of the lectures given by the author in Gainesville
at the special year in 2005. The focus of the lectures given was an exposé of
the use of theta functions in complex analysis and combinatorial number theory,
illustrating how the theta function can be used in these areas. The theta func-
tion is absolutely essential in the theory of compact Riemann surfaces and abelian
varieties. This is not quite true in the theory of functions of a complex variable
and combinatorial number theory; however, these lectures were given with the
purpose of showing their utility even here. Thus we begin with the definition of
the n-dimensional theta function but will quite quickly restrict ourselves to the
one-dimensional case.

We recall that if S is a compact Riemann surface of genus g ≥ 1 and if
a1, . . . , ag; b1, . . . , bg is a canonical homology basis on S, then the dimension of
the space of holomorphic differentials on S is g, and one can find a basis for this
space, (θ1, . . . , θg), with the property that
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∫

a j

θi = δi j ,

∫

b j

θi = τi j ,

where τ = τi j is a symmetric matrix with positive definite imaginary part. The
totality of n × n symmetric matrices with positive definite imaginary part is called
the Siegel upper half-plane of degree n and will be denoted by Hn .

Definition 1. For ζ ∈ C
n and τ ∈ Hn ,

θ(ζ, τ ) =
∑

N∈Zn

exp

(
2π i

[
1

2
Nτ N + Nζ

])
.

The function is quasiperiodic with respect to the group of translations

〈ζ → ζ + ei , ζ → ζ + τ i 〉,

and it is easy to see that

θ(ζ + ei , τ ) = θ(ζ, τ ),

θ(ζ + τ i , τ ) = exp(l(ζ ))θ(ζ, τ ),

where l(ζ ) is a linear function of ζ . More generally, one can make the following
definition.

Definition 2. The theta function with characteristics
[

ε

ε′
]

is defined by

θ

[
ε

ε′
]

(ζ, τ )

=
∑

N∈Zn

exp

(
2π i

[
1

2

(
N + ε

2

)
τ
(

N + ε

2

)
+
(

N + ε

2

)(
ζ + ε′

2

)])
.

It is easy to see that once again we have

θ

[
ε

ε′
]

(ζ + τ N + I M, τ ) = exp(l(ζ ))θ

[
ε

ε′
]

(ζ, τ ).

For applications of this theory to compact Riemann surfaces the reader is referred to
the monographs [6], [7], and [4] as well as the references contained therein, espe-
cially the many articles of R. Accola [9].
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2 ζ -Theory for n = 1

We now consider the case n = 1, and will write some exact formulas.

θ

[
ε

ε′
]

(ζ + n + mτ, τ ) = exp(2π i)

[
nε − mε′

2
− mζ − m2τ

2

]
θ

[
ε

ε′
]

(ζ, τ ),

(1)

θ

[
ε + 2m
ε′ + 2n

]
(ζ, τ ) = exp(π iεn)θ

[
ε

ε′
]

(ζ, τ ). (2)

For m, n real numbers,

θ

[
ε

ε′
](

ζ + n + mτ

2
, τ

)

= exp(2π i)

[
−mζ

2
− m2τ

8
− m(ε′ + n)

4

]
θ

[
ε + m
ε′ + n

]
(ζ, τ ), (3)

θ

[
ε

ε′
]

(ζ, τ ) =
N−1∑

l=0

θ

[
ε+2l

N
Nε′

]
(Nζ, N 2τ), (4)

∂2

∂ζ 2
θ

[
ε

ε′
]

(ζ, τ ) = 4π i
∂

∂τ
θ

[
ε

ε′
]

(ζ, τ ). (5)

It is a fascinating fact of life that the theory is already quite rich when
[

ε

ε′
]

∈ Z
2.

Making use of equation (2), we see that there are only four theta functions that need
concern us here:

θ

[
0
0

]
(ζ, τ ), θ

[
0
1

]
(ζ, τ ), θ

[
1
0

]
(ζ, τ ), θ

[
1
1

]
(ζ, τ ).

It is rather easy to see that

θ

[ −ε

−ε′
]

(ζ, τ ) = θ

[
ε

ε′
]

(−ζ, τ ).

Thus from equation (2) above,

θ

[
ε

ε′
]

(−ζ, τ ) = θ

[ −ε

−ε′
]

(ζ, τ )

= θ

[
ε − 2ε

ε′ − 2ε′
]

(ζ, τ ) = exp(−π iεε′)θ
[

ε

ε′
]

(ζ, τ ).
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Hence the first three functions are even, and the last one is odd. The zeros of these
functions are well understood. There is only one zero in the fundamental parallelo-
gram, and the zero of θ

[ ε
ε′
]
(ζ, τ ) is at the point

1 − ε

2
τ + 1 − ε′

2
.

All the above has been what I shall call the ζ -theory.

3 τ -Theory

The main theorem of the τ -theory, as opposed to the ζ -theory, is the following:

Theorem 1. For any
[ ε

ε′
] ∈ R2 and any γ ∈ SL(2, Z) with γ = [

a b
c d

]
, we have

exp

(
−π i

cζ 2

cτ + d

)
θ

[
ε

ε′
](

ζ

cτ + d
, γ (τ )

)

= κ

([
ε

ε′
]

, γ

)√
cτ + dθ

[
aε + cε′ − ac
bε + dε′ + bd

]
(ζ, τ ).

In particular, when ζ = 0 we have

θ

[
ε

ε′
]

(0, γ (τ ))γ ′(τ )
1
4 = κ

([
ε

ε′
]

, γ

)√
cτ + dθ

[
aε + cε′ − ac
bε + dε′ + bd

]
(0, τ )

and

κ

([
ε

ε′
]

, γ

)

= exp(2π i)

[
−1

4
(aε + cε′)bd − 1

8
(abε2 + cdε′2 + 2bcεε′)

]
· κ

([
0
0

]
, γ

)
.

Finally, we have also

κ8
([

0
0

]
, γ

)
= 1.

We will content ourselves with just this theorem. We will not prove this result
here, but the interested reader can find the proof in [5].

4 Applications of the Above Ideas

There is an additional property of theta functions that we shall need in the sequel
but postpone it to the next section. Here, we prove a theta function identity that
we will show ultimately is the basis of the construction of a conformal map of the
rectangle onto the unit disk as well as the basic result that allows us to prove Jacobi’s
quantitative version of Lagrange’s theorem that each positive integer is representable
as a sum of four squares.
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Theorem 2.

⎛

⎜⎜⎝

θ ′
[

1
1

]

θ

[
0
0

]
θ

[
0
1

]
θ

[
1
0

]

⎞

⎟⎟⎠

2

=

θ ′′
[

0
1

]

θ

[
0
1

] −
θ ′′
[

1
0

]

θ

[
1
0

]

θ4

[
0
0

]

=

θ ′′
[

0
0

]

θ

[
0
0

] −
θ ′′
[

1
0

]

θ

[
1
0

]

θ4

[
0
1

] =

θ ′′
[

0
1

]

θ

[
0
1

] −
θ ′′
[

0
0

]

θ

[
0
0

]

θ4

[
1
0

] .

Proof. The proof is totally elementary and relies on the well-known fact that an
elliptic function cannot have as its only singularity in the fundamental parallelogram
a simple pole. We begin with

f (ζ ) =
θ2
[

0
1

]
(ζ, τ )

θ2

[
0
0

]
(ζ, τ )

, g(ζ ) =
θ2
[

1
1

]
(ζ, τ )

θ2

[
0
0

]
(ζ, τ )

,

and observe that they are elliptic functions with periods 1, τ and have double poles at
τ+1

2 . This easily implies that the three functions 1, f, g are linearly dependent, and
we easily compute

θ2
[

0
0

]
θ2
[

0
1

]
(ζ, τ ) − θ2

[
1
0

]
θ2
[

1
1

]
(ζ, τ ) − θ2

[
0
1

]
θ2
[

0
0

]
(ζ, τ ) = 0.

(6)
Expanding this identity in a Taylor series about the origin and focusing on the

coefficient of z2 gives the first identity of the theorem.
This identity gives rise to others by, for example, setting

ζ = z + 1

2
.

We get

θ2
[

0
0

]
θ2
[

0
0

]
(z, τ ) − θ2

[
1
0

]
θ2
[

1
0

]
(z, τ ) − θ2

[
0
1

]
θ2
[

0
1

]
(z, τ ) = 0. (7)

�
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5 Infinite Products

In this section we give the last property of theta functions that we want to mention.
The property is that the theta functions all have infinite product expansions. This
is of course a dimension-1 phenomenon that does not persist in higher dimensions.
Everything else that we have done till now has a multidimensional analogue.

We make the change of variables x = exp(π iτ), z = exp(2π iζ ). Jacobi then
showed that

θ

[
ε

ε′
]

(ζ, τ ) = exp

(
π iεε′

2

)
x

ε2
4 z

ε
2

·
∞∏

n=1

(1 − x2n)(1 + eπ iε′
x2n−1+εz)(1 + e−π iε′

x2n−1−ε/z).

Thus we have

θ

[
0
0

]
(ζ, τ ) =

∞∏

n=1

(1 − x2n)(1 + x2n−1z)(1 + x2n−1/z),

θ

[
0
1

]
(ζ, τ ) =

∞∏

n=1

(1 − x2n)(1 − x2n−1z)(1 − x2n−1/z),

θ

[
1
0

]
(ζ, τ ) = x

1
4 z

1
2

∞∏

n=1

(1 − x2n)(1 + x2nz)(1 + x2n−2/z).

We shall see that it is this property that will be the source of the combinatorial number
theory that we discuss.

6 Combinatorial Number Theory

In this section we shall introduce some problems in combinatorial number theory.
Our focus at first will be the well-known result that every positive integer is the sum
of four squares. We will give a complete proof of this result using only what we have
discussed till now. In fact, we shall prove Jacobi’s result, which says that the number
of representations of the positive integer N as a sum of four squares is given by eight
times the sum of the divisors of N that are not congruent to 0 mod 4. We begin with
the observation that in the variable x = exp(π iτ),

θ

[
0
0

]
(0, τ ) =

∞∑

n=−∞
xn2

,

θ

[
0
1

]
(0, τ ) =

∞∑

n=−∞
(−1)n xn2

,
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and

θ

[
1
0

]
(0, τ ) = x

1
4

∞∑

n=−∞
xn(n+1) = x

1
4

∞∑

n=−∞
x

2n(n+1)
2 .

Definition 3. Sk(N ) is the number of integer solutions to the equation

x2
1 + · · · + x2

k = N ;
Tk(N ) is the number of integer solutions to the equation

x1(x1 + 1)

2
+ · · · + xk(xk + 1)

2
= N .

Setting z = 0 in equation (7) above gives

θ4
[

0
0

]
(0, τ ) − θ4

[
0
1

]
(0, τ ) − θ4

[
1
0

]
(0, τ ) = 0.

In the variable x = eπ iτ , this identity reads

∞∑

n=1

S4(n)(1 − (−1)n)xn =
∞∑

n=0

T4(n)x2n+1,

or clearly
∞∑

n=0

2S4(2n + 1)x2n+1 =
∞∑

n=0

T4(n)x2n+1.

It thus follows that for all nonnegative integers n,

2S4(2n + 1) = T4(n).

What, however, is S4(n)? This is the question that Jacobi asked and answered. The
answer is already found in the first identity of Theorem 2. In Theorem 2 we showed
that

⎛

⎜⎜⎝

θ ′
[

1
1

]
(0, τ )

θ

[
0
0

]
(0, τ )θ

[
0
1

]
(0, τ )θ

[
1
0

]
(0, τ )

⎞

⎟⎟⎠

2

=

θ ′′
[

0
1

]
(0,τ )

θ

[
0
1

]
(0,τ )

−
θ ′′
[

1
0

]
(0,τ )

θ

[
1
0

]
(0,τ )

θ4

[
0
0

]
(0, τ )

.

The first point is to see that the left-hand side is actually constant in the variable τ .
This follows from the transformation formula. If we raise the left-hand side to the
fourth power, it is easily seen to be automorphic with respect to the group PSL(2, Z).
Since H/PSL(2, Z) is a punctured sphere, the complex plane, and since the function
is bounded as one goes to infinity, it must be constant. Checking, we find the value
to be π8. Taking now the fourth root, we have the left-hand side equal to π2.
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Equation (5) above allows us to write the right-hand side as

4π i

(
∂

∂τ
log θ

[
0
1

]
(0, τ ) − ∂

∂τ
log θ

[
1
0

]
(0, τ )

)
.

Using the product representations of these functions and the fact that

∂

∂τ
= π i x

∂

∂x
,

we get

−4π2x

( ∞∑

n=1

[
−2(2n − 1)x2n−2

1 − x2n−1
+ −2 · 2nx2n−1

1 + x2n

]
− 1

4x

)
.

It thus follows that

θ4
[

0
0

]
= 1 + 8

( ∞∑

n=1

(2n − 1)x2n−1

1 − x2n−1
+ 2nx2n

1 + x2n

)
.

This last expression can be rewritten

1 + 8

( ∞∑

n=1

(2n − 1)x2n−1

1 − x2n−1
+ 2nx2n

1 − x2n
− 2nx2n

1 − x2n
+ 2nx2n

1 + x2n

)
,

which can be replaced by

1 + 8

( ∞∑

n=1

nxn

1 − xn
− 4nx4n

1 − x4n

)
,

which we see is

1 + 8

( ∞∑

n=1

[
σ(n) − 4σ

(n

4

)])
xn,

which equals

1 + 8
∞∑

n=1

σ̃ (n)xn,

and σ̃ (n) is the sum of the divisors of n not congruent to 0 mod 4. We have just
proven the following.

Theorem 3. The number of representations of the positive integer N as a sum of four
squares is given by eight times the sum of the divisors of N not congruent to zero
mod 4.
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7 Sums of Squares and Triangular Numbers

In the previous section we derived Jacobi’s result that

S4(n) = 8σ̃ (n).

A simpler result of Jacobi is

S2(n) = 4(d1(n) − d3(n)),

where di (n) is the number of divisors of n congruent to i mod 4. From this formula
we can conclude

S2(4n + 3) = 0, S2(2n) = S2(n).

These results do not require Jacobi’s results but follow immediately from them. We
shall show how these results also follow from some simple theta constant identities
and then generalize a bit. The results in this section are contained in [3]. We need the
following identity and some of its consequences:

θ

[
ε

ε′
]

(0, τ )θ

[
δ

δ′
]

(0, τ ) = θ

[
ε+δ

2

ε′ + δ′

]
(0, 2τ)θ

[
ε−δ

2

ε′ − δ′

]
(0, 2τ)

+ θ

[
ε+δ

2 + 1

ε′ + δ′

]
(0, 2τ)θ

[
ε−δ

2 + 1

ε′ − δ′

]
(0, 2τ), (8)

θ2
[

0
0

]
(0, τ ) = θ2

[
0
0

]
(0, 2τ) + θ2

[
1
0

]
(0, 2τ), (9)

θ2
[

0
1

]
(0, τ ) = θ2

[
0
0

]
(0, 2τ) − θ2

[
1
0

]
(0, 2τ), (10)

θ2
[

1
0

]
(0, τ ) = 2θ

[
0
0

]
(0, 2τ)θ

[
1
0

]
(0, 2τ). (11)

In the variable x = exp(π iτ), equation (9) above says that

∞∑

n=1

S2(n)xn =
∞∑

n=1

S2(n)x2n +
∞∑

n=0

T2(n)x4n+1,

from which we immediately conclude

S2(4n + 3) = 0, S2(4n + 1) = T2(n), S2(2n) = S2(n).

Return now to equation (4) and observe that we get the following instances of it
corresponding to N = 2, 3:

θ

[
0
0

]
(0, τ ) = θ

[
0
0

]
(0, 4τ) + θ

[
1
0

]
(0, 4τ), (12)



66 Hershel M. Farkas

θ

[
0
1

]
(0, τ ) = θ

[
0
0

]
(0, 4τ) − θ

[
1
0

]
(0, 4τ), (13)

θ

[
1
0

]
(0, τ ) = 2θ

[
1
3

0

]
(0, 9τ) + θ

[
1
0

]
(0, 9τ), (14)

θ

[
0
0

]
(0, τ ) = 2θ

[
2
3

0

]
(0, 9τ) + θ

[
0
0

]
(0, 9τ). (15)

In the last two equations I have used the elementary facts that

θ

[
1
3

0

]
(0, 9τ) = θ

[
5
3

0

]
(0, 9τ),

θ

[
4
3

0

]
(0, 9τ) = θ

[
2
3

0

]
(0, 9τ).

Cubing equations (12) and (13), adding, and subtracting, we get the following
result.

Lemma 1. For all τ ∈ H we have

θ3
[

0
0

]
(0, τ ) + θ3

[
0
1

]
(0, τ ) = 2θ3

[
0
0

]
(0, 4τ) + 6θ

[
0
0

]
(0, 4τ)θ2

[
1
0

]
(0, 4τ),

(16)

θ3
[

0
0

]
(0, τ ) − θ3

[
0
1

]
(0, τ ) = 2θ3

[
1
0

]
(0, 4τ) + 6θ2

[
0
0

]
(0, 4τ)θ

[
1
0

]
(0, 4τ).

(17)

In the variable x = exp(π iτ), equations (16), (17) become

2
∞∑

n=0

S3(2n)x2n = 2
∞∑

n=0

S3(n)x4n + 6x2
∞∑

n=−∞
x4n2

∞∑

n=0

T2(n)x8n,

2
∞∑

n=0

S3(2n + 1)x2n+1 = 2x3
∞∑

n=0

T3(n)x8n + 6x
∞∑

n=−∞
x8 n2+n

2

∞∑

n=0

S2(n)x4n .

We have the following immediate corollary.

Corollary 1.

S3(4k) = S3(k), S3(8k + 7) = 0, S3(8k + 3) = T3(k).

The above facts about S3(n), especially the middle statement, are not difficult to
prove, but here they come without any pain. The last statement is the basis of Gauss’s
proof that every nonnegative integer is the sum of three triangular numbers.

Let us now turn to equation (14). In the variable x = exp(π iτ) we find after

cubing and replacing x by x
1
2 that
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( ∞∑

n=−∞
x

n2+n
2

)3

= 8

( ∞∑

n=−∞
x3 3n2+n

2

)3

+ 12x

( ∞∑

n=−∞
x3 3n2+n

2

)2

×
∞∑

n=−∞
x9 n2+n

2 + 6x2
∞∑

n=−∞
x3 3n2+n

2

×
( ∞∑

n=−∞
x9 n2+n

2

)2

+ x3

( ∞∑

n=−∞
x9 n2+n

2

)3

.

Definition 4. Let Pk(n) denote the number of solutions of the Diophantine equation

3x2
1 + x1

2
+ · · · + 3x2

k + xk

2
= n.

Clearly Pk(n) is the number of ways n can be written as a sum of k generalized
pentagonal numbers. We recall that a pentagonal number is a number of the form
3k2−k

2 with k nonnegative. Our previous equation can now be rewritten as

∞∑

n=0

T3(n)xn = 8
∞∑

n=0

P3(n)x3n + 12x
∞∑

n=0

P2(n)x3n
∞∑

n=−∞
x9 n2+n

2

+ 6x2
∞∑

n=0

T2(n)x9n
∞∑

n=−∞
x3 3n2+n

2 + x3
∞∑

n=0

T3(n)x9n .

An immediate consequence is the following:

Corollary 2. For all positive integers k we have

T3(3k) = 8P3(k) + T3

(
k − 1

3

)
,

where Tk is defined to be 0 whenever the variable is not a nonnegative integer. Hence
T3(k) = 8P3(k) unless k ≡ 1 mod 3:

T3(3k + 2) = 6
∑

l∈Z

T2

(
k − 3l2+l

2

3

)
.

In particular, T3(3k + 2) is congruent to 0 mod 24.

All of the preceding follows from our identity above.
Consider now equation (12). Cubing it leads to

θ3
[

0
0

]
(0, τ ) = θ3

[
0
0

]
(0, 4τ) + 3θ2

[
0
0

]
(0, 4τ)θ

[
1
0

]
(0, 4τ)

+ 3θ

[
0
0

]
(0, 4τ)θ2

[
1
0

]
(0, 4τ) + θ3

[
1
0

]
(0, 4τ).
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Using equation (12) again followed by equation (11) gives

θ3
[

0
0

]
(0, τ ) = θ3

[
0
0

]
(0, 4τ) + θ3

[
1
0

]
(0, 4τ) + 3

2
θ

[
0
0

]
(0, τ )θ2

[
1
0

]
(0, 2τ).

(18)
Equation (18) is the main identity we shall use from here on. In the variable x =
exp(π iτ) it reads

∞∑

n=0

S3(n)xn =
∞∑

n=0

S3(n)x4n + x3
∞∑

n=0

T3(n)x8n + 3

2
x

∞∑

n=−∞
xn2

∞∑

n=0

T2(n)x4n .

The above equation implies some old information, namely

S3(8N + 3) = T3(N ), S3(4N ) = S3(N ), S3(8N + 7) = 0.

There is, however, some new information embedded in the term

3

2
x

∞∑

n=−∞
xn2

∞∑

n=0

T2(n)xn .

We rewrite this as a sum of two terms:

3

2
x

∞∑

n=0

2x (2n)2
∞∑

n=0

T2

(n

4

)
xn + 3

2
x

∞∑

n=0

2x (2n+1)2
∞∑

n=0

T2

(n

4

)
xn .

The first term contains all exponents congruent to 1 mod 4, and the second term
contains all exponents congruent to 2 mod 4.

Theorem 4.

S3(4N + 1) = 3

2

( ∞∑

k=1

2T2(N − k2) + T2(N )

)
,

S3(4N + 2) = 3
∞∑

k=0

T2(N − k2 − k).

Proof. Compute the Cauchy product of the power series. �

Corollary 3. Every positive integer is the sum of two triangular numbers and a
square.

Proof. Since S3(4N +1) is positive for every N , for at least one k it must be the case
that T2(N − k2) is positive, and thus the result. �

Remark. I had thought that this was a new result, but it turns out to be a result of
Lebesgue. Furthermore, one can also show in this fashion that every positive integer
is the sum of two squares and a triangular number.
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8 Some More Applications

Let ω be a cube root of unity ω = exp(2π i/3). We wish to begin by proving an
elementary identity:

− ω2θ3

[
1
3
1
3

]
(ζ, τ ) − ωθ3

[
1
3
5
3

]
(ζ, τ ) + θ3

[
1
3

1

]
(ζ, τ )

= cθ

[
1
3
1
3

]
(ζ, τ )θ

[
1
3
5
3

]
(ζ, τ )θ

[
1
3

1

]
(ζ, τ ),

where c is a constant independent of ζ . We say “elementary” identity because its
proof simply requires showing that both sides of the equality have the same zeros.
Then the quotient is an elliptic function with no poles and hence is constant. We will
leave most of the arithmetic to the reader, but it is clear from the right-hand side that
the zeros are the three points

τ + 1

3
,

τ

3
,

τ + 2

3
.

To see that ζ = τ
3 is a zero of the left-hand side we set ζ = τ

3 , the zero of

θ

[
1
3

1

]
(ζ, τ ), in the equation, use equation (3), and obtain

− ω2θ3

[
1
3
1
3

](τ

3
, τ
)

− ωθ

[
1
3
5
3

](τ

3
, τ
)

= −ω2 exp

(
6π i

[−1

4

2

3

1

3

])
θ3

[
1
1
3

]
(0, τ ) − ω exp

(
6π i

[−1

4

2

3

5

3

])
θ3

[
1
5
3

]
(0, τ )

= θ3

[
1
1
3

]
(0, τ ) + θ3

[
1
5
3

]
(0, τ ) = 0.

In the same fashion we show that the other two points are also zeros of the left-hand
side and thus can conclude that

−ω2θ3

[
1
3
1
3

]
(ζ, τ ) − ωθ3

[
1
3
5
3

]
(ζ, τ ) + θ3

[
1
3

1

]
(ζ, τ )

θ

[
1
3
1
3

]
(ζ, τ )θ

[
1
3
5
3

]
(ζ, τ )θ

[
1
3

1

]
(ζ, τ )

=
−ω2θ3

[
1
3
1
3

]
(0, τ ) − ωθ3

[
1
3
5
3

]
(0, τ ) + θ3

[
1
3

1

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )θ

[
1
3
5
3

]
(0, τ )θ

[
1
3

1

]
(0, τ )

.
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If we now differentiate our identity and set ζ = τ
3 , we obtain

−3ω2θ2

[
1
3
1
3

]
(

τ
3 , τ

)
θ ′
[

1
3
1
3

]
(

τ
3 , τ

)− 3ωθ2

[
1
3
5
3

]
(

τ
3 , τ

)

θ ′
[

1
3

1

]
(

τ
3 , τ

)
θ

[
1
3
1
3

]
(

τ
3 , τ

)
θ

[
1
3
5
3

]
(

τ
3 , τ

)

=
−ω2θ3

[
1
3
1
3

]
(0, τ ) − ωθ3

[
1
3
5
3

]
(0, τ ) + θ3

[
1
3

1

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )θ

[
1
3
5
3

]
(0, τ )θ

[
1
3

1

]
(0, τ )

. (19)

In order to proceed, we need once again equation (3) and its companion, which is
obtained by differentiation with respect to ζ . The equation is

θ ′
[

ε

ε′
](

n + mτ

2
, τ

)
= exp

(
2π i

[
−m2τ

8
− m(ε′ + n)

4

])

×
(

θ ′
[

ε + m
ε′ + n

]
(0, τ ) − π imθ

[
ε + m
ε′ + n

]
(0, τ ) . (20)

Using equation (20), we find that the left-hand side of equation (19) becomes

− 3

θ

[
1
1
3

]
(0, τ )θ ′

[
1
1
3

]
(0, τ )

θ

[
1
5
3

]
(0, τ )θ ′

[
1
1

]
(0, τ )

− 3

θ

[
1
5
3

]
(0, τ )θ ′

[
1
5
3

]
(0, τ )

[
1
1
3

]
(0, τ )θ ′

[
1
1

]
(0, τ )

+ 2π i

⎛

⎜⎜⎜⎜⎝

θ2

[
1
1
3

]
(0, τ )

θ

[
1
5
3

]
(0, τ )θ ′

[
1
1

]
(0, τ )

+
θ2

[
1
5
3

]
(0, τ )

θ

[
1
1
3

]
(0, τ )θ ′

[
1
1

]
(0, τ )

⎞

⎟⎟⎟⎟⎠
.

This last expresion is clearly equal to

6

θ ′
[

1
1
3

]
(0, τ )

θ ′
[

1
1

]
(0, τ )

,
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since

θ

[
1
5
3

]
(0, τ ) = −θ

[
1
1
3

]
(0, τ )

and

θ ′
[

1
5
3

]
(0, τ ) = θ ′

[
1
1
3

]
(0, τ ).

We state the result as a theorem.

Theorem 5. For every τ in the upper half-plane we have

6θ ′
[

1
1
3

]
(0, τ )θ

[
1
3
1
3

]
(0, τ )θ

[
1
3

1

]
(0, τ )θ

[
1
3
5
3

]
(0, τ )

= θ ′
[

1
1

]
(0, τ )(−ω2θ3

[
1
3
1
3

]
(0, τ ) − ωθ3

[
1
3
5
3

]
(0, τ ) + θ3

[
1
3

1

]
(0, τ )).

The above theorem has a nice interpertation in terms of infinite products. It
follows from the definitions that in the variable x = exp(2π iτ/3),

θ ′
[

1
1

]
(0, τ ) = −2πx

3
8

∞∑

n=0

(−1)n(2n + 1)x
3(n2+n)

2

and

θ

[
1
3

1

]
(0, τ ) = exp(π i/6)x

1
24

n=∞∑

n=−∞
(−1)n x

3n2+n
2 .

By Jacobi’s identity,

θ3

[
1
3

1

]
(0, τ ) = i x

1
8

∞∑

n=0

(−1)n(2n + 1)x
n2+n

2

and thus

θ3

[
1
3

1

]
(0, 3τ) = i x

3
8

∞∑

n=0

(−1)n(2n + 1)x
3(n2+n)

2 .

The Jacobi triple product formula and a little thought then yields (see [5]) that

θ

[
1
3
1
3

]
(0, τ ) = exp

(
π i

18

)
x

1
24

∞∏

n=1

(1 − (ωx)n),

θ

[
1
3
5
3

]
(0, τ ) = exp

(
5π i

18

)
x

1
24

∞∏

n=1

(1 − (ω2x)n),
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and

θ

[
1
3

1

]
(0, τ ) = exp

(
π i

6

)
x

1
24

∞∏

n=1

(1 − xn).

It thus follows that

θ3

[
1
3

1

]
(0, 3τ) = i x

3
8

∞∏

n=1

(1 − x3n)3

and that

2π iθ3

[
1
3

1

]
(0, 3τ) = −2πx

3
8

∞∏

n=1

(1 − x3n)3.

Finally, we observe that

θ

[
1
3
1
3

]
(0, τ )θ

[
1
3

1

]
(0, τ )θ

[
1
3
5
3

]
(0, τ )

= i x
1
8

∞∏

n=1

(1 − xn)(1 − (ωx)n)(1 − (ω2x)n).

For each n, (1 − xn)(1 − (ωx)n)(1 − (ω2x)n) is equal to (1 − xn)3 for n congruent
to zero mod three and is equal to (1 − x3n) otherwise. It thus follows that

∞∏

n=1

(1 − xn)(1 − (ωx)n)(1 − (ω2x)n)

=
∞∏

k=0

(1 − x9k+3)(1 − x9k+6)(1 − x3k+3)3.

It thus follows that

θ ′
[

1
1

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )θ

[
1
3

1

]
(0, τ )θ

[
1
3
5
3

]
(0, τ )

= 2π i x
1
4

∏∞
k=0(1 − x9k+3)(1 − x9k+6)

.

Corollary 4. In the variable x = exp(2π iτ) we have

6θ ′
[

1
1
3

]
(0, τ )

−ω2θ3

[
1
3
1
3

]
(0, τ ) − ωθ3

[
1
3
5
3

]
(0, τ ) + θ3

[
1
3

1

]
(0, τ )

= 2π i x
1
4

∏∞
n=0(1 − x3k+1)(1 − x3k+2)

.
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If we divide the right-hand side of the equation in the corollary above by 2π i x
1
4 ,

the right-hand side has an interesting interpretation. The coefficient of xn in the
power series expansion is the number of ways you can write n using summands
that are congruent to 1 and 2 mod three. We sometimes call this the number of parti-
tions of n from the set of positive integers congruent to 1 and 2 mod three. This has
led us to another subject, which we shall treat in the next section. Before we do this,
however, we derive a further theta function identity.

We wish to find complex numbers xi , i = 1, . . . , 4, not all zero such that

x1θ
3

[
1
3
1
3

]
(ζ, τ ) + x2θ

3

[
1
3

1

]
(ζ, τ ) + x3θ

3

[
1
3
5
3

]
(ζ, τ ) + x4θ

3

[
1
1
3

]
(ζ, τ ) = 0.

The reason we can do this is that the four functions are linearly dependent over the
complex numbers. This fact is a simple exercise, which we leave for the reader.

In order to find the numbers xi we substitute successively ζ = τ+1
3 , τ

3 , τ−1
3 , 1

3
and obtain a system of four homogeneous linear equations for the unknowns xi .
This system has a nontrivial solution, and thus the determinant of the system
vanishes. Moreover, one can check that the rank of the matrix is 3, so that there
is a one-dimensional solution space. A basis for this space is the minors of the last
row of the matrix, and one can compute the basis vector as

x1 = θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )(ω − ω2),

x2 = θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )(1 − ω),

x3 = θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )(1 − ω2),

x4 = θ3

[
1
1
3

]
(0, τ )(θ3

[
1
3

1

]
(0, τ ) − ωθ3

[
1
3
5
3

]
(0, τ ) − ω2θ3

[
1
3
1
3

]
(0, τ )).

We have therefore proved the following identity.

Theorem 6. For all τ in the upper half-plane we have

(ω − ω2)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3
1
3

]
(ζ, τ )

+ (1 − ω)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )θ3

[
1
3

1

]
(ζ, τ )

+ (1 − ω2)θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )θ3

[
1
3
5
3

]
(ζ, τ )
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= θ3

[
1
1
3

]
(0, τ )(ω2θ3

[
1
3
1
3

]
(0, τ ) + ωθ3

[
1
3
5
3

]
(0, τ )

− θ3

[
1
3

1

]
(0, τ ))θ3

[
1
1
3

]
(ζ, τ ).

In particular, if we replace ζ by ζ + 1
3 and use equation (3), we get

(ω − ω2)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(ζ, τ )

+ (1 − ω)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )θ3

[
1
3
5
3

]
(ζ, τ )

+ (1 − ω2)θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )θ3

[
1
3
7
3

]
(ζ, τ )

= θ3

[
1
1
3

]
(0, τ )(ω2θ3

[
1
3
1
3

]
(0, τ ) + ωθ3

[
1
3
5
3

]
(0, τ )

− θ3

[
1
3

1

]
(0, τ ))θ3

[
1
1

]
(ζ, τ ).

It follows from the above identity, which of course by other changes of the variable
ζ gives many more, that the left-hand side of the identity vanishes to order 3 in ζ .
Hence the left-hand side and its first two derivatives vanish at the origin. The vanish-
ing of the left-hand side at the origin gives us the equation

(ω − ω2)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )

+ (1 − ω)θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )

− (1 − ω2)θ3

[
1
3

1

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3
1
3

]
(0, τ ) = 0.

The last equation follows from the fact that θ3

[
1
3
1
3

]
(0, τ ) = −θ3

[
1
3
7
3

]
(0, τ ).

This is of course a trivial identity, since clearly

(ω − ω2) + (1 − ω) − (1 − ω2) = 0.
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We turn now to the first derivative of the left-hand side and evaluate at the origin. We
obtain

θ3

[
1
3
1
3

]
(0, τ )θ3

[
1
3
5
3

]
(0, τ )θ3

[
1
3

1

]
(0, τ )

×

⎡

⎢⎢⎢⎢⎣
(ω − ω2)

θ ′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ (1− ω)

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

− (1− ω2)

θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

⎤

⎥⎥⎥⎥⎦
.

The vanishing of this derivative gives us, after dividing by (1 − ω) and multiplying
by ω2, the identity

θ ′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ ω2

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

+ ω

θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

= 0. (21)

The above identity is quite elegant, and one wonders what it tells us.

Theorem 7. The combinatoric content of the above identity is the statement that if
N is congruent to 2 mod 3, then the number of divisors of N congruent to 1 mod 3
equals the number of divisors of N congruent to 2 mod 3.

Proof. The proof uses the Jacobi triple product formula and logarithmic differentia-

tion. We have by Jacobi in the variable y = e
2π iτ

3 that

θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

= (2π i)

[
1

6
+

∞∑

n=0

e
−4π i

3 y3n+1

1 − e
−4π i

3 y3n+1
−

∞∑

n=0

e
4π i

3 y3n+2

1 − e
4π i

3 y3n+2

]
,

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

= (2π i)

[
1

6
+

∞∑

n=0

e
−2π i

3 y3n+1

1 − e
−2π i

3 y3n+1
−

∞∑

n=0

e
2π i

3 y3n+2

1 − e
2π i

3 y3n+2

]
,
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θ ′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

= (2π i)

[
1

6
+

∞∑

n=0

y3n+1

1 − y3n+1
−

∞∑

n=0

y3n+2

1 − y3n+2

]
.

We now write each of the above sums as a power series in y and obtain successively

(2π i)

[
1

6
+

∞∑

n=0

An yn

]
,

where An = ∑
d|n,d≡1 ω

n
d −∑

d|n,d≡2 ω
2n
d ;

(2π i)

[
1

6
+

∞∑

n=0

Bn yn

]
,

where Bn = ∑
d|n,d≡1 ω

2n
d −∑

d|n,d≡2 ω
n
d ; and

(2π i)

[
1

6
+

∞∑

n=0

Cn yn

]
,

where Cn = ∑
d|n,d≡1 1 − ∑

d|n,d≡2 1. It is quite clear now that Cn is simply the
difference between the number of divisors of N congruent to 1 mod 3 and those
congruent to 2 mod 3. The numbers An, Bn , however, depend on the congruence
class of N mod 3.

It is easy to see that

An =

⎧
⎪⎨

⎪⎩

n = 0 r − s

n = 1 ω(r − s)

n = 2 ω2(r − s)

⎫
⎪⎬

⎪⎭
, Bn =

⎧
⎪⎨

⎪⎩

n = 0 r − s

n = 1 ω2(r − s)

n = 2 ω(r − s)

⎫
⎪⎬

⎪⎭
,

where r is the number of divisors of N congruent to 1 mod 3 and s is the number of
divisors of N congruent to 2 mod 3.

The identity obtained above from the vanishing of the first derivative at the origin
in terms of the complex numbers An , Bn , Cn is thus given by Cn +ω2 Bn +ωAn = 0,
and this gives

n ≡ 0 (r − s)(1 + ω + ω2),

n ≡ 1 (r − s)(1 + ω + ω2),

n ≡ 2 3(r − s).

It thus follows that the vanishing of the first derivative is equivalent to the statement
that when n ≡ 2 mod 3, the number of divisors of n congruent to 1 mod 3 equals the
number of divisors of n congruent to 2 mod 3. �
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For more on this subject see [1] and [8].
We now turn our attention to the second derivative at the origin. The identity

we get here once again after dividing by (1 − ω) and multiplying by ω2 is the
following:

⎛

⎜⎜⎜⎜⎜⎝

θ ′′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ 2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2⎞

⎟⎟⎟⎟⎟⎠

+ ω2

⎛

⎜⎜⎜⎜⎜⎝

θ ′′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

+ 2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2⎞

⎟⎟⎟⎟⎟⎠

+ ω

⎛

⎜⎜⎜⎜⎜⎝

θ ′′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

+ 2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2⎞

⎟⎟⎟⎟⎟⎠
= 0. (22)

We would now like to understand what this identity says combinatorially. Our first
simplification is by use of the heat equation, equation (5), to rewrite equation (23) as

4π i

⎡

⎢⎢⎢⎢⎣

d/dτθ

[
1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ ω2

d/dτθ

[
1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

+ ω

d/dτθ

[
1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎤

⎥⎥⎥⎥⎦

+ 2

⎡

⎢⎢⎢⎢⎢⎣

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2

+ ω2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2

+ ω

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2⎤

⎥⎥⎥⎥⎥⎦

= 0.
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By virtue of equation (21) we can rewrite the above as

4π i

⎡

⎢⎢⎢⎢⎣

d/dτθ

[
1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ ω2

d/dτθ

[
1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

+ ω

d/dτθ

[
1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎤

⎥⎥⎥⎥⎦

− 2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

−
θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2

= 0.

Theorem 8. Let δ(n) be the difference between the number of divisors of n congruent
to 1 mod 3 and the number of divisors of n congruent to 2 mod 3. Let σ(n) denote
the sum of the divisors of n. The combinatorial content of the above identity is that

∞∑

n=0

σ(3n + 2)y3n+2 = 3

( ∞∑

n=0

δ(3n + 1)y3n+1

)2

,

or that

σ(3n + 2) = 3
n∑

k=0

δ(3k + 1)δ(3(n − k) + 1).

Proof. The proof is much like the proof of Theorem 7. The Jacobi triple product
formula gives

d/dτθ

[
1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

−(3n + 1)e
2π i

3 y3n+1

1 − e
2π i

3 y3n+1

+
∞∑

n=0

−(3n + 2)e
4π i

3 y3n+2

1 − e
4π i

3 y3n+2
+

∞∑

n=0

−(3n + 3)y3n+3

1 − y3n+3

]
,

d/dτθ

[
1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

−(3n + 1)e
4π i

3 y3n+1

1 − e
4π i

3 y3n+1

+
∞∑

n=0

−(3n + 2)e
2π i

3 y3n+2

1 − e
2π i

3 y3n+2
+

∞∑

n=0

−(3n + 3)y3n+3

1 − y3n+3

]
,
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and

d/dτθ

[
1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

−(3n + 1)y3n+1

1 − y3n+1

+
∞∑

n=0

−(3n + 2)y3n+2

1 − y3n+2
+

∞∑

n=0

−(3n + 3)y3n+3

1 − y3n+3

]
.

Once again as in the proof of Theorem 7 we write each of the above as a power series
and obtain

d/dτθ

[
1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

Ãn yn

]
,

where

Ãn =

⎧
⎪⎪⎨

⎪⎪⎩

n ≡ 0 −σ(n)

n ≡ 1 −ω
(∑

d|n,d≡1 d +∑
d|n,d≡2 d

)

n ≡ 2 −ω2
(∑

d|n,d≡1 d +∑
d|n,d≡2 d

)

⎫
⎪⎪⎬

⎪⎪⎭

d/dτθ

[
1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

B̃n yn

]
,

where

B̃n =

⎧
⎪⎪⎨

⎪⎪⎩

n ≡ 0 −σ(n)

n ≡ 1 −ω2
(∑

d|n,d≡1 d +∑
d|n,d≡2 d

)

n ≡ 2 −ω
(∑

d|n,d≡1 d +∑
d|n,d≡2 d

)

⎫
⎪⎪⎬

⎪⎪⎭

and finally,

d/dτθ

[
1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

= 2π i

3

[
1

24
+

∞∑

n=0

C̃n yn

]
,

where
C̃n = −σ(n).
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It thus follows that

d/dτθ

[
1
3

1

]
(0, τ )

θ

[
1
3

1

]
(0, τ )

+ ω

d/dτθ

[
1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

+ ω2

d/dτθ

[
1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

= 2π i

3

[ ∞∑

n=1

(C̃n + ω Ãn + ω2 B̃n)yn

]
= −2π i

∞∑

n=0

σ(3n + 2)y3n+2.

The identity of equation (22) and its rewrites now become

8π2
∞∑

n=0

σ(3n + 2)y3n+2 = 2

⎛

⎜⎜⎜⎜⎝

θ ′
[

1
3
5
3

]
(0, τ )

θ

[
1
3
5
3

]
(0, τ )

−
θ ′
[

1
3
1
3

]
(0, τ )

θ

[
1
3
1
3

]
(0, τ )

⎞

⎟⎟⎟⎟⎠

2

= 24π2

( ∞∑

n=0

δ(3n + 1)y3n+1

)2

.

Finally, the identity just says that

∞∑

n=0

σ(3n + 2)yn = 3

( ∞∑

n=0

δ(3n + 1)yn

)2

.

�

For another proof of this identity see [1] and [2].
We remark that the purpose of this lengthy computation has been to show how

simply studying the theta function leads one to significant combinatorial results. We
also should remark that the result of Theorem 7 is really rather elementary and surely
does not need theta function theory. The statement that r = s or that when a number
is congruent to 2 mod 3 the number of divisors congruent to 1 mod 3 equals the
number of divisors congruent to 2 mod 3 is extremely elementary. It follows from
the obvious fact that there is a bijective map of the divisors congruent to 1 mod 3
onto those congruent to 2 mod 3. The map is just d �→ n

d . When n is congruent to
2 mod 3 this is clearly a bijective map.

9 Partitions of the Positive Integers

Let S be a set of positive integers and let N be an integer. A partition of N from S is
a sum of integers in S that add up to N , where we order the summands according to
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size. For example, if S is the entire set of integers and N = 4, then the partitions of
4 are

4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1.

It is easy to see that if we denote by P(n) the number of partitions of the positive
integer n in the set of positive integers, then

1∏∞
n=1(1 − xn)

= 1 +
∞∑

n=1

P(n)xn .

When dealing with partitions from a given set S, we can place restrictions on the type
of partitions we shall permit. For example, we can ask that the partition not have any
repetitions. In the example above, if we demand no repetitions, then only the first
two partitions are valid, since the remaining three partitions all contain repetitions.
Perhaps the best-known example is the following:

Let S be the set of positive integers and T the set of positive odd integers. Then
the number of partitions of n from S without repetitions equals the number of par-
titions of n from T with no restriction. If we denote the former by P(n, S) and the
latter by P(n, T ), then the statement is that P(n, s) = P(n, T ). The proof is the
following obvious identity:

∞∑

n=0

P(n, S)xn =
∞∏

n=1

(1 + xn) = 1∏∞
n=0(1 − x2n−1)

=
∞∑

n=0

P(n, T )xn .

In [10], Andrews asked the following question:
For what sets of positive integers S, T is it true that P(n, S) = P(n − 1, T )?

Andrews points out that there is a master identity that partially answers this question.
In what follows we shall show that in fact, a slight variant of equation (4) will give
the solutions discussed by Andrews. We learned of this question from Frank Garvan,
who also provided us with [11].

It follows from equation (4) that for 0 < l < N and N > 1,

θ

[
l
N

1

]
(0, Nτ) = θ

[
l

2N

2

]
(0, 4Nτ) + θ

[
l−2N

2N

2

]
(0, 4Nτ),

and therefore by the Jacobi triple product formula of Section 5, we have, after can-
cellation,

∞∏

n=0

(1 − x2N (n+1))(1 − x2Nn+N+l)(1 − x2Nn+N−l)

=
∞∏

n=0

(1 − x8N (n+1))(1 + x8Nn+4N+2l)(1 + x8Nn+4N−2l)

− x
∞∏

n=0

(1 − x8N (n+1))(1 + x8Nn+2l)(1 + x8Nn+8N−2l).
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If we now take the examples N = 2, l = 1, N = 5, l = 1, l = 3, we shall obtain the
three shifted identities obtained with one master identity by Andrews in [10]. In a
sense, our result is really not different from Andrews’ but seems much more natural
than the mysterious yet simple identity used by Andrews.

The case N = 2, l = 1 yields the identity

∞∏

n=0

(1 − x4(n+1))(1 − x4n+3)(1 − x4n+1)

=
∞∏

n=0

(1 − x16(n+1))(1 + x16n+10)(1 + x16n+6)

−
∞∏

n=0

(1 − x16(n+1))(1 + x16n+2)(1 + x16n+14).

If we now divide by the left-hand side of the equation, we immediately have the
following.

Lemma 2. Let S = {n, n > 0 | n is odd or n ≡ ±4,±6, 8 (mod 16)} and
let T = {n, n > 0 | n is odd or n ≡ ±2,±4, 8 (mod 16)}. Denote by
P(±6, n, S) the number of partitions of n from S disallowing repetitions of num-
bers congruent to ±6 mod 16. and by P(±2, n, T ) the analogous quantity for T .
Then P(±6, n, S) = P(±2, n − 1, T ) .

The above is simply the combinatorial interpertation of the identity. The interes-
ting fact, though, is that we can algebraically convert this identity to another one in
which we no longer will have any restriction on the partitions.

It is clear that
∞∏

n=0

(1 − x16(n+1))(1 + x16n+10)(1 + x16n+6)

=
∞∏

n=0

(1 − x16(n+1))

(
1 − x32n+20

1 − x16n+10

)(
1 − x32n+12

1 − x16n−6

)

and that
∞∏

n=0

(1 − x16(n+1))(1 + x16n+2)(1 + x16n+14)

=
∞∏

n=0

(1 − x16(n+1))

(
1 − x32n+4

1 − x16n+2

)(
1 − x32n+28

1 − x16n+14

)
,

and hence using these new expressions on the right-hand side of the identity and
once again dividing by the left-hand side, all the numerators cancel, and we obtain
the following.
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Theorem 9. Let S = {n, n > 0 | n is odd or n ≡ ±4,±6,±8,±10
(mod 32)} and let T = {n, n > 0 | n is odd or n ≡ ±2,±8,±12,±14
(mod 32)}. Then P(n, S) = P(n − 1, T ).

In a totally similar fashion the case N = 5, l = 3 yields the following.

Theorem 10. Let S = {n, n > 0 | n ≡ ±1 (mod 5), n ≡ ±7 (mod 20)} and let
T = {n, n > 0 | n ≡ ±1 (mod 5), n ≡ ±3 (mod 20)}. Then P(±7, n, S) =
P(±3, n − 1, T ). Alternatively, if we let

S = {n, n > 0 | n ≡ ±5,±10,±15,±7,±13,±1,±4,±6,±9,±11,±16,±19

(mod 40)}

and let

T = {n, n > 0 | n ≡ ±5,±10,±15,±3,±17,±1,±4,±9,±11,±14,±16,±19

(mod 40)},

then P(n, S) = P(n − 1, T ).

Proof. The proof of the first statement is the combinatorial content of the identity
in the infinite product version. The second statement as in the case of the previous
theorem is algebraically derived from the first statement as in the proof of the previ-
ous theorem. �

The case N = 5, l = 1 would give the last example in Andrews’ paper [10]. We
leave that for the reader.

The point of these examples is twofold. First, the combinatorial results are shown
to follow from the most elementary properties of theta functions, and second, there
is always a combinatorial identity that follows. It generally is a partition identity
that places restrictions on the partitions. It can also involve partitions that involve
colored numbers to distinguish among them. The reader is invited to compute the
identity with N = 3, l = 1 for such an example. Calculations seem to indicate that
the three examples found by Andrews are in fact the only ones that follow from this
particular identity. Garvan’s listing of many possible examples, however, shows that
there are probably some other 3-term theta constant identities that are the source of
these examples. We have not yet found the secret.

It is, however, possible to ask for a different sort of generalization. We can ask
for three sets S, T, U such that

P(n, s) = P(n − a, T ) + P(n − b, U ).

In what follows we shall show that equation (4) with N = 3 gives some solutions
to this problem in the same way that the case N = 2 gave solutions to the previous
problem.
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We begin by writing the N = 3 version of equation (4):

θ

[
l
k

1

]
(0, kτ) = θ

[
l

3k

1

]
(0, 9kτ) + θ

[
l+2k

3

1

]
(0, 9kτ) + θ

[
l−2k

3

1

]
(0, 9kτ).

The Jacobi triple product formula gives

∞∏

n=0

(1 − x2k(n+1))(1 − x2kn+k+l)(1 − x2kn+k−l)

=
∞∏

n=0

(1 − x18k(n+1))(1 − x18kn+9k+3l)(1 − x18kn+9k−3l)

− xk+l
∞∏

n=0

(1 − x18k(n+1))(1 − x18kn+15k+3l)(1 − x18kn+3k−3l)

− xk−l
∞∏

n=0

(1 − x18k(n+1))(1 − x18kn+3k+3l)(1 − x18kn+15k−3l).

We now consider the case k = 3 and l = 1. In this case we also can use the variable
y = x2. We obtain

∞∏

n=0

(1 − x3n+3)(1 − x3n+2)(1 − x3n+1)

=
∞∏

n=0

(1 − x27(n+1))(1 − x27n+15)(1 − x27n+12)

− x2
∞∏

n=0

(1 − x27(n+1))(1 − x27n+24)(1 − x27n+3)

− x
∞∏

n=0

(1 − x27(n+1))(1 − x27n+6)(1 − x27n+21).

This identity gives the following result.

Theorem 11. Let

S = {n, n > 0 | n 
≡ ±12 (mod 27)},
T = {n, n > 0 | n 
≡ ±3 (mod 27)},
U = {n, n > 0 | n 
≡ ±6 (mod 27)}.

Then
P(n, S) = P(n − 2, T ) + P(n − 1, U ).
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Our final example will be k = 2 and l = 1. The identity in this case is

∞∏

n=0

(1 − x4(n+1))(1 − x4n+3)(1 − x4n+1)

=
∞∏

n=0

(1 − x36(n+1))(1 − x36n+21)(1 − x36n+15)

− x3
∞∏

n=0

(1 − x36(n+1))(1 − x36n+33)(1 − x36n+3)

− x
∞∏

n=0

(1 − x36(n+1))(1 − x36n+9)(1 − x36n+27).

This gives rise to the following partition identity.

Theorem 12. Let

S = {n, n > 0 | n is odd, n 
≡ ±15 (mod 36), n ≡ ±4,±8,±12,±16, 18

(mod 36)},
T = {n, n > 0 | n is odd, n 
≡ ±3 (mod 36), n ≡ ±4,±8,±12,±16, 18

(mod 36)},
U = {n, n > 0 | n is odd, n 
≡ ±9 (mod 36), n ≡ ±4,±8,±12,±16, 18

(mod 36)}.
Then

P(n, S) = P(n − 3, T ) + P(n − 1, U ).

10 Complex Analysis

This paper up to this point has tried to show how the theory of theta functions is very
useful as a guide to problems in combinatorial number theory. In this final section
we shall try to demonstrate the versatility of the theta function by showing how it
can also be useful in complex function theory.

High points of an elementary course in complex analysis are Picard’s theorem
and the Riemann mapping theorem.

Theorem 13 (Picard). Let f be an entire function (analytic on C) that omits two
values. Then f is constant.

Theorem 14 (Riemann mapping theorem). Let D be a simply connected domain
in C with at least two boundary points. Then there is an analytic homeomorphism of
D onto the unit disk.
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As an example of the latter we let D be the interior of a rectangle (with sides
parallel to the real and imaginary axes). Then there is an analytic homeomorphism
of D onto the unit disk.

In what follows we shall show how Picard’s theorem follows from a simple
application of what we have called the τ -theory, in particular from Theorem 1.

Proof. Consider g(τ ) = θ8
[

0
0

]
(0, τ )/θ8

[
1
0

]
(0, τ ) and use the τ -theory to show

that it is automorphic with respect to the group 
(2). Recall that 
(2) is the subgroup
of PSL(2, Z) generated by γ1(τ ) = τ + 2 and γ2(τ ) = τ

2τ+1 . One now shows that
g(τ ) has a meromorphic extension to the punctures of H/
(2) and that the function
defined on the compactification of H/
(2) has a double zero at one puncture, a
double pole at the other puncture, and is finite at the third. Taking a square root thus
gives us an analytic homeomorphism of the compactification onto the sphere and an
analytic homeomorphism of H/
(2) onto the sphere less three points, in fact, in our
case the points

0, 1, ∞.

This allows us to define a local inverse to
√

g(τ ). Call this map h.
Consider now an entire function f that omits the values 0, 1,∞. The function

h( f (τ )) is well defined on all of C, since C is simply connected and it is locally well
defined. It is a map of C into H and thus must be constant by Liouville’s theorem.
This is a contradiction, so no such f can exist. �

In the above proof we have omitted the computations that demonstrate that the
map indeed has a meromorphic extension, but the reader is capable of making this
computation. We are indeed using the monodromy theorem but hope that the reader
will agree that the proof modulo these points is indeed elementary. I also point out
that one of the first functions one would study after learning of the τ -theory is pre-
cisely the function g(τ ) given above.

We now turn our attention to giving an explicit conformal map of the rectangle
with vertices at 0, 1, 1 + i t, i t (t > 0) onto the open unit disk. Define

H(ζ ) =
θ

[
1
0

]
(0, i t)θ

[
1
0

]
(ζ, i t)

θ

[
0
0

]
(0, i t)θ

[
0
0

]
(ζ, i t)

and

J (ζ ) =
θ

[
0
1

]
(0, i t)θ

[
0
1

]
(ζ, i t)

θ

[
0
0

]
(0, i t)θ

[
0
0

]
(ζ, i t)

.

Theorem 15. The function H + i J is a conformal map of the rectangle with vertices
at 0, 1, 1+ i t , i t onto the interior of the unit disk. The function H − i J is a conformal
map of the rectangle with vertices at 0, 1, 1 + i t , i t onto the exterior of the unit disk.
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Proof. The proof is a sequence of observations:

(1) Consider the larger rectangle with vertices 0, 2 , 2 + 2i t , 2i t .
(2) The functions H + i J , H − i J are elliptic functions with periods 2, 2i t , and this

large rectangle is a fundamental parallelogram for them.
(3) The functions have at most four possible poles in this rectangle, the points

1 + i t

2
,

3 + i t

2
,

1 + 3i t

2
,

3 + 3i t

2
.

A computation shows that there are only two poles for each of the functions.
(4) It thus follows that H + i J (H − i J ) has two poles and assumes every value

twice.
(5) The theta function properties show that

H + i J (ζ + 1) = (−H + i J )(ζ ), H + i J (ζ + i t) = (H − i J )(ζ ).

(6) The functions H, J separately are real on the lines

Re(ζ ) = 0, Re(ζ ) = 1, Re(ζ ) = 2,

Im(ζ ) = 0, Im(ζ ) = t, Im(ζ ) = 2t.

(7) The previous observation together with equation (7) gives that the lines are
mapped to the unit circle. The above observations prove the theorem construc-
tively. �
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Summary. For every positive integer h, the representation function of order h associated
to a subset A of the integers or, more generally, of any group or semigroup X, counts the
number of ways an element of X can be written as the sum (or product, if X is nonabelian)
of h not necessarily distinct elements of X. The direct problem for representation functions in
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problems asymptotic density, Erdős–Turán conjecture, Sidon sets, Bh[g] sequences.

2000 Mathematics Subject Classifications: 11B13, 11B34, 11B05, 11A07, 11A41

1 Asymptotic Density

Let N, N0, and Z denote, respectively, the sets of positive integers, nonnegative
integers, and all integers.

For any set A of integers, we define the counting function A(y, x) of A by

A(y, x) =
∑

a∈A
y≤a≤x

1

for all real numbers x and y. We define the upper asymptotic density

dU (A) = lim sup
x→∞

A(−x, x)

2x + 1
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and the lower asymptotic density

dL(A) = lim inf
x→∞

A(−x, x)

2x + 1
.

The set A has asymptotic density d(A) = α if dU (A) = dL(A) = α or, equivalently,
if

d(A) = lim
x→∞

A(−x, x)

2x + 1
= α.

Let B = Z \ A. Then dU (A) = α if and only if dL(A) = 1 − α. If S and W are sets
of integers, then the set W has relative upper asymptotic density dU (W, S) = α with
respect to S if

lim sup
x→∞

(W ∩ S)(−x, x)

S(−x, x)
= α.

Relative lower asymptotic density dL(W, S) and relative density d(W, S) are defined
similarly. In particular, if S = N and A is a set of positive integers, then A has relative
asymptotic density α with respect to N if

lim
x→∞

A(−x, x)

N(−x, x)
= lim

x→∞
A(1, x)

[x]
= α.

2 Sumsets and Bases

Let A1 and A2 be subsets of an additive abelian semigroup X. We define the sumset

A1 + A2 = {a1 + a2 : a1 ∈ A1 and a2 ∈ A2}.

For every positive integer h ≥ 3, if A1, A2, . . . , Ah are subsets of X, then we define
the sumset A1 + · · · + Ah−1 + Ah inductively by

A1 + · · · + Ah−1 + Ah = (A1 + · · · + Ah−1) + Ah .

If A = Ai for i = 1, . . . , h, then we write

h A = A + · · · + A︸ ︷︷ ︸
h times

.

The set h A is called the h-fold sumset of A.
We define 0A = {0}.
If A ⊆ X and x ∈ X, we define the shift A + x = A + {x}.
A central concept in additive number theory is basis. Let S be a subset of X. The

set A is called

(1) a basis of order h for S if S ⊆ h A, that is, if every element of S can be repre-
sented as the sum of h not necessarily distinct elements of A,
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(2) an asymptotic basis of order h for S if S \ h A is finite, that is, if all but finitely
many elements of S can be represented as the sum of h not necessarily distinct
elements of A.

For example, the nonnegative cubes are a basis of order 9 for N0 (Wieferich’s
theorem), an asymptotic basis of order 7 for N0 (Linnik’s theorem), and a basis
of order 4 for almost all N0 (Davenport’s theorem). A large part of classical addi-
tive number theory is the study of how special sets of integers (for example, the
kth powers, polygonal numbers, and primes) are bases for the nonnegative integers
(cf. Nathanson [13]).

Our definition of basis is weak in the sense that if X is an abelian semigroup with
additive identity 0, then every subset of X has a basis of order h for all h ≥ 1. The
reason is that 0 ∈ X implies that hX = X for every positive integer h, and so, if S is
any subset of X, then S ⊆ hX. We shall call the subset A of X

(1) an exact basis of order h for S if S = h A, that is, if the elements of S
are precisely the elements of X that can be represented as the sum of h not
necessarily distinct elements of A,

(2) an exact asymptotic basis of order h for S if h A ⊆ S and S \ h A is finite.

In additive subsemigroups of the integers, the set A is a basis of order h for almost
all S if S \ h A has relative asymptotic density zero with respect to S, and an exact
basis of order h for almost all S if h A ⊆ S and S\h A has relative asymptotic density
zero with respect to S.

3 Direct and Inverse Problems for Sumsets

Let X be an additive abelian semigroup. Given subsets A1, . . . , Ah of X, a direct
problem in additive number theory is to describe the sumset A1 + · · · + Ah .

In particular, for any A ⊆ X, the direct problem is to describe the h-fold sumsets h A
for all h ≥ 2. If X contains an additive identity 0 and if 0 ∈ A ⊆ X, then we obtain
an increasing sequence of sumsets

A ⊆ 2A ⊆ · · · ⊆ h A ⊆ (h + 1)A ⊆ · · · . (1)

An important open problem is to describe the evolution of structure in the sequence
{h A}∞h=1. For example, let X = N0 be the additive semigroup of nonnegative
integers. Let A be a set of nonnegative integers such that dL(h0 A) > 0 for some
positive integer h0. By translation and contraction, we can assume that 0 ∈ A and
gcd(A) = 1. Then the sequence (1) eventually stabilizes as a cofinite subset of
N0, that is, there exists an integer h1 ≥ h0 such that h1 A contains all sufficiently
large integers and h A = h1 A for all h ≥ h1 (Nash–Nathanson [10]). However,
if dL(h A) = 0 for all positive integers h, then the structure of the sumsets h A
is mysterious. It must happen that very regular infinite configurations of integers
develop in the sumsets, but nothing is known about them.
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The simplest inverse problem for sumsets is:

What sets are sumsets?

This can be called the sumset recognition problem: Given a subset S of the abelian
semigroup X and an integer h ≥ 2, do there exist subsets A1, . . . , Ah ⊆ X such

S = A1 + · · · + Ah?

Similarly, we have basis recognition problems. Let S be a subset of the abelian semi-
group X, and let h ≥ 2. Does there exist an exact basis of order h for S, that is, a set
A ⊆ X such that h A = S? If S does have an exact basis, describe the set

Eh(S) = {A ⊆ X : S = h A}.
More generally, do there exist exact asymptotic bases of order h for S? If so, describe
the set

Easy
h (S) = {A ⊆ X : h A ⊆ S and card(S \ h A) < ∞}.

4 Representation Functions of Semigroups

Let X be an abelian semigroup, written additively. For A ⊆ X, let Ah denote the
set of all h-tuples of A. Two h-tuples (a1, . . . , ah) ∈ Xh and (a′

1, . . . , a′
h) ∈ Xh are

equivalent if there is a permutation τ : {1, . . . , h} → {1, . . . , h} such that aτ(i) = a′
i

for i = 1, . . . , h. If X is the semigroup of integers or nonnegative integers (or if X
is any totally ordered set), then every equivalence class contains a unique h-tuple
(a1, . . . , ah) such that ai ≤ ai+1 for i = 1, . . . , h − 1.

Let A1, . . . , Ah be subsets of X and let x be an element of X. We define the
ordered representation function

RA1,...,Ah (x) = card ({(a1, . . . , ah) ∈ A1 × · · · × Ah : a1 + · · · + ah = x}) .

If Ai = A for i = 1, . . . , h, then we write

RA,h(x) = card({(a1, . . . , ah) ∈ Ah : a1 + · · · + ah = x}).
Two other representation functions arise often and naturally in additive number
theory. The unordered representation function rA,h(x) counts the number of equiva-
lence classes of h-tuples (a1, . . . , ah) such that a1 + · · · + ah = x . The unordered
restricted representation function1 r̂A,h(x) counts the number of equivalence classes
of h-tuples (a1, . . . , ah) of distinct elements of X such that a1 + · · · + ah = x .

1 We could also introduce an ordered restricted representation function R̂A,h(x) that counts
the number of h-tuples (a1, . . . , ah) of distinct elements of X such that a1 + · · · + ah = x .

This is unnecessary, however, because R̂A,h(x) = h!r̂A,h(x) for all x ∈ X. The relation
between the ordered and unordered representation functions RA,h(x) and rA,h(x) is more
complex.
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If X is a subsemigroup of the integers or of any totally ordered semigroup, then

rA,h(x) = card({(a1, . . . , ah) ∈ Ah : a1 ≤ · · · ≤ ah and a1 + · · · + ah = x})
and

r̂A,h(x) = card({(a1, . . . , ah) ∈ Ah : a1 < · · · < ah and a1 + · · · + ah = x}).

5 Direct and Inverse Problems for Representation Functions

A fundamental direct problem in additive number theory is to describe the repre-
sentation functions of finite and infinite subsets of the integers and of other abelian
semigroups. For example, if X = N0 = A, then RA,2(n) = n + 1 and rA,2(n) =
[(n + 2)/2] for all n ∈ N0. If X = Z = A, then RA,2(n) = rA,2(n) = ∞ for all
n ∈ Z. More generally, we ask, given a semigroup X, a family A of subsets of X, and
a positive integer h, what properties are shared by all of the representation functions
associated with sets A ∈ A? These are direct problems.

The simplest inverse problem for representation functions is:

What functions are representation functions?

More precisely, if A is a family of subsets of a semigroup X and if h is a posi-
tive integer, let Rord

h (A) and Runord
h (A) denote, respectively, the sets of ordered and

unordered representation functions of order h associated with sets A ∈ A, that is,

Rord
h (A) = {RA,h : A ∈ A}

and
Runord

h (A) = {rA,h : A ∈ A}.
The inverse problem is to determine whether a given function f is a representation
function, and, if so, to describe all sets A ∈ A such that RA,h = f or rA,h = f. This
is particularly interesting when A is the set of bases or asymptotic bases of order h
for X.

There is an important difference between the representation functions of asymp-
totic bases for the integers and the nonnegative integers. If f is the unordered repre-
sentation function of an asymptotic basis for a semigroup X, then the set f −1(0) is
finite. If X = Z, then a fundamental theorem in additive number theory (Theorem 7)
states that for every h ≥ 2 and for every function f : Z → N0 ∪ {∞} with
card( f −1(0)) < ∞, there exists a set A such that rA,h(n) = f (n) for all n ∈ Z.

Equivalently, if A is the set of all asymptotic bases of order h for Z, then

Runord
h (A) = { f : Z → N0 ∪ {∞} : card( f −1(0)) < ∞}.

For the semigroup of nonnegative integers, however, it is false that every function
f : N0 → N0 with only finitely many zeros is the unordered representation function
for an asymptotic basis of order h. Indeed, very little is known about representation
functions of asymptotic bases of finite order for N0.
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6 Representation Functions for Sets of Nonnegative Integers

If A is a set of nonnegative integers, then for every positive integer h the number of
representations of an integer as the sum of h elements of A is finite. We introduce
the following three sets of arithmetic functions:

F(N0) = { f : N0 → N0} ,

F∞(N0) = { f : N0 → N0 : f −1(0) is a set of density 0},

and
F0(N0) = { f : N0 → N0 : f −1(0) is a finite set}.

Then
F0(N0) ⊂ F∞(N0) ⊂ F(N0).

For h ≥ 2, the set F0(N0) contains the representation functions of all bases and
asymptotic bases of order h for N0, and the set F∞(N0) contains the representation
functions of all bases of order h for almost all N0.

Problem 1. Let h ≥ 2. Find necessary and sufficient conditions for a function in F0
to be the representation function for an asymptotic basis of order h for N0.

Problem 2. Let h ≥ 2. Find necessary and sufficient conditions for a function in F∞
to be the representation function for a basis of order h for almost all N0.

Problem 3. Let h ≥ 2. Find necessary and sufficient conditions for a function in F
to be the representation function for a subset of N0.

We can also count the number of representations of a nonnegative integer as the
sum of a bounded number of elements of a set that contains both nonnegative and
negative integers.

Problem 4. Let h ≥ 2. Find necessary and sufficient conditions for a function in F
to be the representation function for the nonnegative integers in the h-fold sumset of
a subset of Z.

We can express the ordered and unordered representation functions of a set of
nonnegative integers in terms of generating functions. Define the generating function
for the set A of nonnegative integers as the power series

G A(z) =
∑

a∈A

za .

This can be used both as a formal power series and as an analytic function that
converges for |z| < 1. We have the identities
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∞∑

n=0

rA,2(n)zn = 1

2

(
G2

A(z) + G A(z2)
)
,

∞∑

n=0

r̂A,2(n)zn = 1

2

(
G2

A(z) − G A(z2)
)
,

and, for all h ≥ 1,
∞∑

n=0

RA,h(n)zn = Gh
A(z).

If A is a set of integers, then the ordered representation function RA,2(n) is
odd if and only if n is even and n/2 ∈ A. It follows that RA,2(n) is eventually
constant if and only if A is finite. Moreover, the ordered representation function RA,2
uniquely determines the set A. Thus, for every function f ∈ F(N0), there exists at
most one set A such that RA,2 = f. Theorem 3 generalizes this observation to all
h ≥ 2.

It is also true that the unordered representation function rA,2(n) for a set A of
nonnegative integers is eventually constant only if A is finite.

Theorem 1 (Dirac [4]). If A is an infinite set of nonnegative integers, then the repre-
sentation function rA,2(n) is not eventually constant.

Proof. Let A be an infinite set of nonnegative integers such that rA,2(n) = c for all
n ≥ n0. Since A is infinite, we have rA,2(2a) ≥ 1 for all a ∈ A, and so c ≥ 1. There
is a polynomial P(z) such that

1

2
(G2

A(z) + G A(z2)) =
∞∑

n=0

rA,2(n)zn

=
n0−1∑

n=0

rA,2(n)zn +
∞∑

n=n0

czn

= P(z)

1 − z
.

Let 0 < x < 1 and z = −x . Then G A(z) = G A(−x) is real, and so G2
A(z) ≥ 0 and

2P(−x)

1 + x
= G2

A(−x) + G A(x2) ≥ G A(x2).

Taking the limit as x → 1−, we see that the left side of this equality converges to
P(−1), but the right side diverges to infinity. This is impossible, and so the repre-
sentation function rA,2(n) cannot be eventually constant. �

Dirac’s theorem is a special case of a famous unsolved problem in additive
number theory. Erdős and Turán [5] conjectured that if A is an asymptotic basis of
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order 2 for the nonnegative integers, then lim supn→∞ rA,2(n) = ∞. This conjecture
is itself only a small part of the problem of characterizing the representation functions
of additive bases of finite order for N0. It is interesting to note that the modular
analogue of the Erdős–Turán conjecture is false.

Theorem 2 (Tang–Chen [22]). There is an integer m0 such that for every m ≥ m0,

there is a set Am ⊆ Z/mZ such that Am is a basis of order 2 for Z/mZ and
rAm ,2(x) ≤ 768 for all x ∈ Z/mZ.

It is also interesting that the multiplicative Erdős and Turán conjecture is true.
If A is a set of positive integers such that every sufficiently large positive integer is
the product of two elements of A, then the number of representations of an integer n
as the product of two elements of A is unbounded (Erdős [6], Nes̆etr̆il and Rödl [19],
Nathanson [12]).

6.1 Ordered Representation Functions

The first inverse theorems for ordered representation functions of sets of nonnegative
integers are the following.

Theorem 3 (Nathanson [11]). Let h ≥ 2. If A and B are sets of nonnegative integers
such that RA,h(n) = RB,h(n) for all n ∈ N0, then A = B.

Proof. Since A = ∅ if and only if B = ∅, we can assume that both A and B are
nonempty sets. Then the generating functions

G A(z) =
∑

a∈A

za and G B(z) =
∑

b∈B

zb

are nonzero power series with nonnegative coefficients. We have

Gh
A(z) =

(
∑

a∈A

za

)h

=
∞∑

n=0

RA,h(n) =
∞∑

n=0

RB,h(n) =
(

∑

b∈B

zb

)h

= Gh
B(z),

and so

0 = Gh
A(z) − Gh

B(z) = (G A(z) − G B(z))

(
h−1∑

i=0

Gh−1−i
A (z)Gi

B(z)

)
.

The coefficients of the power series
∑h−1

i=0 Gh−1−i
A (z)Gi

B(z) are nonnegative and not
all zero; hence this series is nonzero, and so G A(z) − G B(z) = 0. This implies that
A = B. �

Let A∗, B∗, and T be finite sets of integers. If each residue class modulo m
contains exactly the same number of elements of A∗ as elements of B∗, then we
write A∗ ≡ B∗ (mod m). If for each integer n the number of pairs (a, t) ∈ A∗ × T
such that a + t ≡ n (mod m) equals the number of pairs (b, t) ∈ B∗ × T such that
b + t ≡ n (mod m), then we write

A∗ + T ≡ B∗ + T (mod m).
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Theorem 4 (Nathanson [11]). Let A and B be sets of nonnegative integers. Then
RA,2(n) = RB,2(n) for all sufficiently large n if and only if there exist

(i) a nonnegative integer n0 and sets A∗, B∗ ⊆ {0, 1, 2, . . . , n0}, and
(ii) a positive integer m and a set T ⊆ {0, 1, 2, . . . , m − 1} with

A∗ + T ≡ B∗ + T (mod m)

such that
A = A∗ ∪ C and B = B∗ ∪ C, (2)

where
C = {c ∈ N0 : c > n0 and c ≡ t (mod m) for some t ∈ T }. (3)

Proof. Let n0 and m be integers and let A∗, B∗, and T be finite sets of integers
satisfying conditions (i) and (ii). Define the sets A, B, and C by (2) and (3). Since
A∗ ∩ C = ∅ and B∗ ∩ C = ∅, it follows that for every integer n we have

RA,2(n) = RA∗,2(n) + 2RA∗,C (n) + RC,2(n)

and
RB,2(n) = RB∗,2(n) + 2RB∗,C (n) + RC,2(n),

where RA∗,C (n) (respectively RB∗,C (n)) is the number of ordered pairs (a∗, c) ∈
A∗ × C (respectively (b∗, c) ∈ B∗ × C) such that a∗ + c = n (respectively
b∗ + c = n).

Let n > 2n0. Since max(A∗ ∪ B∗) ≤ n0, it follows that RA∗,2(n) = RB∗,2(n) =
0, and so RA,2(n) = RB,2(n) if and only if RA∗,C (n) = RB∗,C (n). If a∗ ∈ A, then
n − a∗ > 2n0 − a∗ ≥ n0. It follows that n − a∗ ∈ C if and only if n − a∗ ≡ t
(mod m) for some t ∈ T . Since A∗ + T ≡ B∗ + T (mod m), it follows that

RA∗,C (n) = card({(a∗, c) ∈ A∗ × C : a∗ + c = n})

=
∑

t∈T

card({(a∗, c) ∈ A∗ × C : a∗ + c = n and c ≡ t (mod m)})

=
∑

t∈T

card({(a∗, t) ∈ A∗ × T : a∗ + t ≡ n (mod m)})

=
∑

t∈T

card({(b∗, t) ∈ B∗ × T : b∗ + t ≡ n (mod m)})

=
∑

t∈T

card({(b∗, c) ∈ B∗ × C : b∗ + c = n and c ≡ t (mod m)})

= RB∗,C (n).

Thus, the representation functions of the sets A and B eventually coincide.
Conversely, let A and B be distinct sets of integers such that RA,2(n) = RB,2(n)

for all integers n > n1. Since A is finite if and only if RA,2(n) = 0 for all sufficiently
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large n, it follows that the representation functions of any pair of finite sets eventually
coincide, and so A is finite if and only if B is finite. Thus, we can set A∗ = A,
B∗ = B, and T = C = ∅.

Suppose that A and B are distinct infinite sets of integers. Applying the genera-
ting functions G A(z) = ∑

a∈A za and G B(z) = ∑
b∈B zb, we have

G2
A(z) − G2

B(z) =
∞∑

n=0

(RA,2(n) − RB,2(n))zn = P(z),

where P(z) is a polynomial of degree at most n1. The ordered representation func-
tion RA,2(n) (respectively RB,2(n)) is odd if and only if n is even and n/2 ∈ A
(respectively n/2 ∈ B). It follows that the sets A and B coincide for n > n1/2, and
so there is a nonzero polynomial Q(z) of degree at most n1/2 such that

G A(z) − G B(z) = Q(z).

We obtain a rational function

G A(z) + G B(z) = G2
A(z) − G2

B(z)

G A(z) − G B(z)
= P(z)

Q(z)
.

Therefore, the coefficients of the power series G A(z)+ G B(z) satisfy a linear recurr-
ence relation. For n > n1/2, the coefficient of zn in G A(z)+G B(z) is 2 if n ∈ A∩ B
and 0 if n /∈ A ∩ B. Since a sequence defined by a linear recurrence in a finite set
must be eventually periodic, it follows that there are positive integers m and n0 and
a set T ⊆ {0, 1, . . . , m − 1} such that for n > n0, we have n ∈ A ∩ B if and only if
n ≡ t (mod m) for some t ∈ T . Let

C = {c ∈ N0 : c > n0 and c ≡ t (mod m) for some t ∈ T }.

Let A∗ = A ∩ [0, n0] and B∗ = B ∩ [0, n0]. Then A∗ ∩ C = B∗ ∩ C = ∅, and
A = A∗ ∪ C and B = B∗ ∪ C. For n > 2n0 we have

2RA∗,C (n) = RA,2(n) − RC,2(n) = RB,2(n) − RC,2(n) = 2RB∗,C (n),

where as above, RA∗,C (n) (respectively RB∗,C (n)) is the number of solutions of the
congruence n ≡ a + t (mod m) (respectively n ≡ b + t (mod m)) with t ∈ T and
a ∈ A∗ (respectively b ∈ B∗). Therefore, A∗ + T ≡ B∗ + T (mod m), and the
theorem follows. �

Problem 5. Let h ≥ 3. Describe all pairs of sets of nonnegative integers whose
ordered representation functions of order h eventually coincide. Equivalently, classify
all pairs (A, B) of sets of nonnegative integers such that RA,h(n) = RB,h(n) for all
sufficiently large integers n.
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6.2 Unordered Representation Functions

Theorem 4 completely describes all pairs of sets of nonnegative integers whose
ordered representation functions of order 2 eventually coincide. The analogous
problem for unordered representation functions is open.

Problem 6. Describe all pairs of sets of nonnegative integers whose unordered
representation functions of order 2 eventually coincide.

Problem 7. Let h ≥ 3. Describe all pairs of sets of nonnegative integers whose
unordered representation functions eventually coincide.

The behavior of unordered representation functions is more exotic than that
of ordered representation functions. For example, the following beautiful result
describes partitions of the nonnegative integers into disjoint sets A and B whose
unordered representation functions eventually coincide.

Theorem 5 (Sándor [20]). Let A be a set of nonnegative integers, and let
B = N0 \ A. There exists a positive integer N such that rA,2(n) = rB,2(n) for all
n ≥ 2N − 1 if and only if

(i)
card(A ∩ [0, 2N − 1]) = N

(ii) for every integer a ≥ N,

a ∈ A if and only if 2a /∈ A

and
a ∈ A if and only if 2a + 1 ∈ A.

Proof. Let χA(n) denote the characteristic function of the set A, that is,

χA(n) =
{

1 if n ∈ A,

0 if n /∈ A.

Since B = N0 \ A, we have

χB(n) = 1 − χA(n) for all n ∈ N0.

Defining the generating functions

G A(z) =
∑

a∈A

za =
∞∑

n=0

χA(n)zn

and

G B(z) =
∑

b∈B

zb =
∞∑

n=0

(1 − χA(n)) zn = 1

1 − z
− G A(z),

we obtain ∞∑

n=0

rA,2(n)zn = 1

2
(G A(z)2 + G A(z2))
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and

∞∑

n=0

rB,2(n)zn

= 1

2
(G B(z)2 + G B(z2))

= 1

2

((
1

1 − z
− G A(z)

)2

+
(

1

1 − z2
− G A(z2)

))

= 1

2

(
2

(1 − z2)(1 − z)
− 2G A(z)

1 − z
+ G A(z)2 − G A(z2)

)

= 1

2
(G A(z)2 + G A(z2)) +

(
1

(1 − z2)(1 − z)
− G A(z)

1 − z
− G A(z2)

)

=
∞∑

n=0

rA,2(n)zn + 1

1 − z

(
1

1 − z2
− G A(z) − (1 − z)G A(z2)

)

=
∞∑

n=0

rA,2(n)zn + 1

1 − z

( ∞∑

n=0

z2n −
∞∑

n=0

χA(n)zn

−
∞∑

n=0

χA(n)z2n +
∞∑

n=0

χA(n)z2n+1

)

=
∞∑

n=0

rA,2(n)zn + 1

1 − z

( ∞∑

n=0

(1 − χA(n) − χA(2n)) z2n

+
∞∑

n=0

(χA(n) − χA(2n + 1)) z2n+1

)
.

We define the function

Q(z) =
∞∑

n=0

(
rA,2(n) − rB,2(n)

)
zn .

Then

(1 − z)Q(z)

=
∞∑

n=0

(1 − χA(n) − χA(2n)) z2n +
∞∑

n=0

(χA(n) − χA(2n + 1)) z2n+1
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=
N−1∑

n=0

(1 − χA(n) − χA(2n)) z2n +
N−1∑

n=0

(χA(n) − χA(2n + 1)) z2n+1

+
∞∑

n=N

(1 − χA(n) − χA(2n)) z2n +
∞∑

n=N

(χA(n) − χA(2n + 1)) z2n+1.

Let N be a positive integer. We have rA,2(n) = rB,2(n) for all n ≥ 2N − 1 if and
only if Q(z) is a polynomial of degree at most 2N − 2. Then (1 − z)Q(z) has degree
at most 2N − 1, and we have the two equations

(1 − z)Q(z) =
N−1∑

n=0

(1 − χA(n) − χA(2n)) z2n

+
N−1∑

n=0

(χA(n) − χA(2n + 1)) z2n+1

and

0 =
∞∑

n=N

(1 − χA(n) − χA(2n)) z2n +
∞∑

n=N

(χA(n) − χA(2n + 1)) z2n+1.

If the first equation holds, then setting z = 1, we obtain

0 =
N−1∑

n=0

(1 − χA(2n) − χA(2n + 1)) = N −
2N−1∑

n=0

χA(n),

and so
card(A ∩ [0, 2N − 1]) = N ,

which is condition (i). The second equation is equivalent to condition (ii). If this
condition holds, then Q(z) is a polynomial of degree at most N − 2. This completes
the proof. �

Problem 8. Let � ≥ 3. Does there exist a partition of the nonnegative integers
into disjoint sets A1, A2, . . . , A� whose representation functions rAi ,2(n) for i =
1, 2, . . . , � eventually coincide?

7 Representation Functions for Sets of Integers

7.1 Unique Representation Bases for the Integers

Sumsets of integers are very different from sumsets of nonnegative integers. For
example, the Erdős–Turán conjecture asserts that the representation function of a
basis of order 2 for the nonnegative integers must be unbounded. In sharp contrast to
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this, there exist bases for the integers whose representation functions are bounded.
Indeed, we shall construct a basis A of order 2 for Z whose representation function
is identically equal to 1. Such sets are called unique representation bases.

Theorem 6 (Nathanson [14]). Let ϕ(x) be a function such that limx→∞ ϕ(x) = ∞.

There exists an additive basis A for the group Z of integers such that

rA,2(n) = 1 for all n ∈ Z,

and
A(−x, x) ≤ ϕ(x)

for all sufficiently large x.

Proof. We shall construct an ascending sequence of finite sets A1 ⊆ A2 ⊆ A3 ⊆ · · ·
such that for all k ∈ N and n ∈ Z,

|Ak | = 2k and rAk (n) ≤ 1

and
rA2k (n) = 1 if |n| ≤ k.

It follows that the infinite set

A =
∞⋃

k=1

Ak

is a unique representation basis for the integers.
We construct the sets Ak by induction. Let A1 = {0, 1}. We assume that for some

k ≥ 1 we have constructed sets

A1 ⊆ A2 ⊆ · · · ⊆ Ak

such that |Ak | = 2k and

rAk (n) ≤ 1 for all n ∈ Z.

We define the integer
dk = max{|a| : a ∈ Ak}.

Then
Ak ⊆ [−dk, dk]

and
2Ak ⊆ [−2dk, 2dk].

If both numbers dk and −dk belong to the set Ak , then, since 0 ∈ A1 ⊆ Ak and
dk ≥ 1, we would have the following two representations of 0 in the sumset 2Ak :

0 = 0 + 0 = (−dk) + dk .
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This is impossible, since rAk (0) ≤ 1; hence only one of the two integers dk and −dk

belongs to the set Ak . It follows that if dk �∈ Ak, then

{2dk, 2dk − 1} ∩ 2Ak = ∅,

and if −dk �∈ Ak, then

{−2dk,−(2dk − 1)} ∩ 2Ak = ∅.

Select an integer bk such that

bk = min{|b| : b �∈ 2Ak}.

Then
1 ≤ bk ≤ 2dk − 1.

To construct the set Ak+1, we choose an integer ck such that

ck ≥ dk .

If bk �∈ 2Ak , let
Ak+1 = Ak ∪ {bk + 3ck,−3ck}.

We have
bk = (bk + 3ck) + (−3ck) ∈ 2Ak+1.

If bk ∈ 2Ak , then −bk �∈ 2Ak , and we let

Ak+1 = Ak ∪ {−(bk + 3ck), 3ck}.

Again we have
−bk = −(bk + 3ck) + 3ck ∈ 2Ak+1.

Since
dk < 3ck < bk + 3ck,

it follows that |Ak+1| = |Ak | + 2 = 2(k + 1). Moreover,

dk+1 = max{|a| : a ∈ Ak+1} = bk + 3ck .

For example, since A1 = {0, 1} and 2A1 = {0, 1, 2}, it follows that d1 = b1 = 1.

Then b1 ∈ 2A1, but −1 = −b1 /∈ 2A1. Choose an integer c1 ≥ 1 and let

A2 = {−(1 + 3c1), 0, 1, 3c1}.

Then

2A2 = {−(2 + 6c1),−(1 + 3c1),−3c1,−1, 0, 1, 2, 3c1, 1 + 3c1, 6c1}

and d2 = 1 + 3c1 and b2 = 2. Moreover, rA2(n) = 1 if |n| ≤ 1.
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Assume that bk �∈ 2Ak ; hence Ak+1 = Ak ∪ {bk + 3ck,−3ck}. (The argument in
the case bk ∈ 2Ak and −bk �∈ 2Ak is similar.) The sumset 2Ak+1 is the union of four
sets:

2Ak+1 = 2Ak ∪ (Ak + bk + 3ck) ∪ (Ak − 3ck) ∪ {bk, 2bk + 6ck,−6ck}.

We shall show that these sets are pairwise disjoint. If u ∈ 2Ak , then

−2ck ≤ −2dk ≤ u ≤ 2dk ≤ 2ck .

Let a ∈ Ak and v = a + bk + 3ck ∈ Ak + bk + 3ck . The inequalities

−ck ≤ −dk ≤ a ≤ dk ≤ ck

and
1 ≤ bk ≤ 2dk − 1 ≤ 2ck − 1

imply that
2ck + 1 ≤ v ≤ 6ck − 1 < 2bk + 6ck .

Similarly, if w = a − 3ck ∈ Ak − 3ck , then

−6ck < −4ck ≤ w ≤ −2ck .

These inequalities imply that the sets 2Ak , Ak + bk + 3ck , Ak − 3ck , and 2{bk +
3ck,−3ck} are pairwise disjoint, unless ck = dk and −2dk ∈ 2Ak ∩ (Ak − 3dk). If
−2dk ∈ 2Ak , then −dk ∈ Ak . If −2dk ∈ Ak −3dk , then dk ∈ Ak . This is impossible,
however, because the set Ak does not contain both integers dk and −dk .

Since the sets Ak + bk + 3ck and Ak − 3ck are translations, it follows that

rAk+1(n) ≤ 1 for all integers n.

Let A = ⋃∞
k=1 Ak . For all k ≥ 1 we have 2 = b2 ≤ b3 ≤ · · · and bk < bk+2,

hence b2k ≥ k + 1. Since b2k is the minimum of the absolute values of the integers
that do not belong to 2A2k , it follows that

{−k,−k + 1, . . . ,−1, 0, 1, . . . , k − 1, k} ⊆ 2A2k ⊆ 2A

for all k ≥ 1, and so A is an additive basis of order 2. In particular, rA2k (n) ≥ 1 for
all n such that |n| ≤ k. If rA,2(n) ≥ 2 for some n, then rAk ,2(n) ≥ 2 for some k,
which is impossible. Therefore, A is a unique representation basis for the integers.

We observe that if x ≥ 1 and k is the unique integer such that dk ≤ x < dk+1,

then

A(−x, x) = Ak+1(−x, x)

=
{

2k for dk ≤ x < 3ck ,

2k + 1 for 3ck ≤ x < bk + 3ck = dk+1.
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In the construction of the set Ak+1, the only constraint on the choice of the number
ck was that ck ≥ dk . Given a function ϕ(x) such that limx→∞ ϕ(x) = ∞, we shall
use induction to construct a sequence of integers {ck}∞k=1 such that A(−x, x) ≤ ϕ(x)

for all x ≥ c1. We begin by choosing a positive integer c1 such that

ϕ(x) ≥ 4 for x ≥ c1.

Then
A(−x, x) ≤ 4 ≤ ϕ(x) for c1 ≤ x ≤ d2.

Let k ≥ 2, and suppose we have selected an integer ck−1 ≥ dk−1 such that

ϕ(x) ≥ 2k for x ≥ ck−1

and
A(−x, x) ≤ ϕ(x) for c1 ≤ x ≤ dk .

There exists an integer ck ≥ dk such that

ϕ(x) ≥ 2k + 2 for x ≥ ck .

Then
A(−x, x) = 2k ≤ ϕ(x) for dk ≤ x < 3ck

and
A(−x, x) ≤ 2k + 2 ≤ ϕ(x) for 3ck ≤ x ≤ dk+1;

hence
A(−x, x) ≤ ϕ(x) for c1 ≤ x ≤ dk+1.

It follows that
A(−x, x) ≤ ϕ(x) for all x ≥ c1.

This completes the proof. �

Theorem 6 constructs arbitrarily sparse unique representation bases. If A is a
unique representation basis of order 2 with counting function A(x), then A(x) �
x1/2. We do not know how dense a unique representation basis can be.

Problem 9. Let � be the set of all positive numbers θ such that there exists a unique
representation basis A with A(x) � xθ . Compute sup �.

There is work related to this problem by Chen [1] and Lee [9] for all x ∈
h A1 \ {u1}.
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7.2 Asymptotic Bases for the Integers

Let F(Z) denote the set of all functions from Z into N0 ∪{∞}. We shall consider the
following two subsets of this function space: the set of functions with only finitely
many zeros,

F0(Z) = { f ∈ F(Z) : card( f −1(0)) < ∞},
and the set of functions that are nonzero for almost all integers n,

F∞(Z) = { f ∈ F(Z) : d( f −1(0)) = 0}.
For every positive integer h, let Rh(Z) denote the set of all representation functions
of h-fold sumsets, that is,

Rh(Z) = { f ∈ F(Z) : f = rA,h for some A ⊆ Z}.
For example, R1(Z) = { f : Z → {0, 1}}.

Let h ≥ 2. If A is a set of integers and a ∈ A, then rA,h(ha) ≥ 1. It follows that
if f ∈ F(Z) is a nonzero function such that f (n) = 0 for all n ≡ 0 (mod h), then
f is not a representation function, and so F(Z) �= Rh(Z).

Problem 10. Let h ≥ 2. Find necessary and sufficient conditions for a function
f ∈ F(Z) to be the representation function of an h-fold sumset.

This is called the inverse problem for representation functions in additive number
theory.

The set A is an asymptotic basis of order h for the integers if all but finitely many
integers can be represented as the sum of h not necessarily distinct elements of A.
Equivalently, A is an asymptotic basis of order h for Z if the representation function
rA,h is an element of the function space F0(Z). We define

Rh,0(Z) = { f ∈ F0(Z) : f = rA,h for some A ⊆ Z}.
Thus, Rh,0(Z) is the set of representation functions of asymptotic bases of order h
for Z. We shall prove the following important result: for every integer h ≥ 2,

Rh,0(Z) = F0(Z).

This means that every function f : Z → N0 ∪ {∞} with only finitely many
zeros is the representation function for some asymptotic basis of order h for the
integers.

The proof will use Sidon sets. A subset A of an additive abelian semigroup X
is called a Sidon set of order h if every element in the sumset h A has a unique
representation (up to permutations of the summands) as a sum of h elements of X.
Equivalently, A is a Sidon set if rA,h(x) ≤ 1 for all x ∈ X. Sidon sets of order h are
also called Bh-sets. For example, every two-element set {a, b} of integers (or two-
element subset {a, b} of any torsion-free abelian semigroup) is a Sidon set of order
h for all positive integers h, since the h-fold sumset
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h{a, b} = {(h − i)a + ib : i = 0, 1, . . . , h} = {ha + i(b − a) : i = 0, 1, . . . , h}
is simply an arithmetic progression of length h + 1 and difference b − a. Note that
if the set A is a Sidon set of order h, then A is also a Sidon set of order h′ for all
h′ = 1, 2, . . . , h − 1.

The set A will be called a generalized Sidon set of order h if for all pairs of
positive integers r, r ′ with r ≤ h and r ′ ≤ h, and for all sequences a1, . . . , ar and
a′

1, . . . , a′
r ′ of elements of A, we have

a1 + · · · + ar = a′
1 + · · · + a′

r ′

if and only if r = r ′ and a′
i = aσ(i) for some permutation σ of {1, . . . , r} and all

i = 1, . . . , r .
Note that if A is a Sidon set (respectively generalized Sidon set) of order h, then

A is also a Sidon set (respectively generalized Sidon set) of order h′ for all positive
integers h′ < h.

Lemma 1. Let h ≥ 2 and let c and u be integers such that c > 2h|u|. Then

Dc,u = {−c, (h − 1)c + u}
is a generalized Sidon set of order h, and u ∈ h Dc,u . Moreover,

min

{
|x − y| : x, y ∈

h⋃

r=1

r Dc,u and x �= y

}
≥ c/2.

Proof. We have

u = (h − 1)(−c) + ((h − 1)c + u) ∈ h Dc,u .

To show that Dc,u is a generalized Sidon set, let i, j, i ′, j ′ be nonnegative integers
such that

1 ≤ i + j ≤ i ′ + j ′ ≤ h.

We define


 = [i(−c) + j ((h − 1)c + u)] − [
i ′(−c) + j ′((h − 1)c + u)

]
.

If 
 = 0, then

( j ′ − j)hc = ((i ′ + j ′) − (i + j))c + ( j − j ′)u.

If j ′ �= j, then

hc ≤ |( j ′ − j)hc|
= |((i ′ + j ′) − (i + j))|c + | j − j ′||u|
≤ (h − 1)c + h|u|

<

(
h − 1

2

)
c,



108 Melvyn B. Nathanson

which is absurd. Therefore, j = j ′, and so i = i ′ and Dc,u is a generalized Sidon set
of order h.

Suppose that 
 �= 0. We must show that |
| > c/2. If j = j ′, then i �= i ′ and

|
| = |i ′ − i |c ≥ c.

If j �= j ′, then

|
| = ∣∣( j − j ′)hc + ((i ′ + j ′) − (i + j))|c + ( j − j ′)|u∣∣

≥ ∣∣ j − j ′
∣∣ hc − ∣∣((i ′ + j ′) − (i + j)

∣∣ c − ∣∣( j − j ′)u
∣∣

≥ hc − (h − 1)c − h|u|

>
c

2
.

This completes the proof. �

Theorem 7 (Nathanson [15, 17]). Let f : Z → N0 ∪ {∞} be a function such that
card( f −1(0)) < ∞. For every h ≥ 2, there exists a set A of integers such that
rA,h(n) = f (n) for all n ∈ Z.

Proof. We shall construct a sequence {Ak}∞k=1 of finite sets such that Ak is a genera-
lized Sidon set of order h − 1 for all k ≥ 1, and A = ∪∞

k=1 Ak is an asymptotic basis
of order h for Z whose representation function is equal to f .

Let U = {uk}∞k=1 be a sequence of integers such that

card ({k ∈ N : uk = n}) = f (n)

for all integers n. It suffices to construct finite sets Ak such that for all integers n, we
have

rAk ,h(n) ≤ f (n) (4)

and
rAk ,h(n) ≥ card ({i ∈ {1, 2, . . . , k} : ui = n}) . (5)

Choose positive integers d1 and c1 such that

f −1(0) ⊆ [−d1, d1]

and
c1 > 2h(d1 + |u1|).

By Lemma 1, the set

A1 = Dc1,u1 = {−c1, (h − 1)c1 + u1}
is a generalized Sidon set of order h and u1 ∈ h A1. We shall prove that h A1 ∩
f −1(0) = ∅. If x ∈ f −1(0), then |x | ≤ d1, and so |x − u1| ≤ d1 + |u1|. Again by
Lemma 1, if x ∈ h A1 \ {u1}, then
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|x − u1| >
c1

2
> h(d1 + |u1|) ≥ 2(d1 + |u1|).

It follows that h A1 ∩ f −1(0) = ∅, and so rA1,h(n) ≤ 1 ≤ f (n) for all n ∈ h A1 and
rA1,h(u1) = 1. Thus, the set A1 satisfies conditions (4) and (5).

Let k ≥ 2, and assume that we have constructed a generalized Sidon set Ak−1 of
order h − 1 that satisfies conditions (4) and (5). Choose positive integers dk and ck

such that

f −1(0) ∪
h⋃

r=1

r Ak−1 ⊆ [−dk, dk]

and
ck > 2h(2dk + |uk |).

Let
Ak = Ak−1 ∪ Dck ,uk = Ak−1 ∪ {−ck, (h − 1)ck + uk}.

Then

h Ak = h Ak−1 ∪
h⋃

r=1

(r Dck ,uk + (h − r)Ak−1).

By Lemma 1, the set Dck ,uk is a generalized Sidon set of order h, and so every integer
in the set

⋃h
r=1 r Dck ,uk has exactly one representation as the sum of at most h ele-

ments of Dck ,uk . Also, the minimum distance between the elements of
⋃h

r=1 r Dck ,uk

is greater than ck/2.

Let x, x ′ ∈ ⋃h
r=1 r Dck ,uk with x �= x ′. By Lemma 1, there are unique positive

integers r, r ′ such that x ∈ r Dck ,uk and x ′ ∈ r ′Dck ,uk . If y ∈ (h − r)Ak−1 and
y′ ∈ (h − r ′)Ak−1, then

|y − y′| ≤ |y| + |y′| ≤ 2dk <
ck

2
≤ |x ′ − x |,

and so x+y �= x ′+y′. It follows that the sets {x}+(h−r)Ak−1 and {x ′}+(h−r ′)Ak−1
are pairwise disjoint. Since Ak−1 is a generalized Sidon set of order h − 1, it follows
that every element of

h⋃

r=1

(r Dck ,uk + (h − r)Ak−1)

has a unique representation as the sum of exactly h elements of Ak .

Recall that uk ∈ h Dck ,uk and h Ak−1 ∪ f −1(0) ⊆ [−dk, dk]. If w ∈ h Ak−1 ∪
f −1(0), then |uk − w| ≤ dk + |uk |. If

z ∈
h⋃

r=1

(r Dck ,uk + (h − r)Ak−1),

then z = x + y, where x ∈ r Dck ,uk for some r ∈ [1, h] and y ∈ (h − r)Ak−1.

If z �= uk, then x �= uk . It follows again from Lemma 1 that |x − uk | ≥ ck/2 and
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|z − w| = |x + y − w| = |x − uk + uk + y − w|
≥ |x − uk | − |uk + y − w|

≥ ck

2
− (2dk + |uk |)

> (h − 1)(2dk + |uk |)
> 0.

Therefore,
h Ak ⊆ Z \ f −1(0)

and

h Ak−1 ∩
(

h⋃

r=1

(r Dck ,uk + (h − r)Ak−1)

)
= ∅ or {uk}.

It follows that

rAk ,h(n) =

⎧
⎪⎨

⎪⎩

rAk−1,h(n) if n ∈ h Ak−1 \ {uk},
rAk−1,h(uk) + 1 if n = uk,

1 if n ∈ h Ak \ h Ak−1,

and so the set Ak satisfies conditions (4) and (5).
A similar argument shows that Ak is a generalized Sidon set of order h − 1. Let

Z =
h−1⋃

h′=1

h′ Ak =
h−1⋃

h′=1

⎛

⎜⎜⎝
h′⋃

r,s=0
r+s=h′

(r Dck ,uk + s Ak−1)

⎞

⎟⎟⎠

=
h−1⋃

r,s=0
1≤r+s≤h−1

(r Dck ,uk + s Ak−1).

Suppose that
z = x + y = x ′ + y′ ∈ Z ,

where x ∈ r Dck ,uk , y ∈ s Ak−1, x ′ ∈ r ′Dck ,uk , y′ ∈ s′ Ak−1 for nonnegative integers
r, s, r ′, s′ such that 1 ≤ r + s ≤ r ′ + s′ ≤ h − 1. If x �= x ′, then

|x − x ′| ≥ ck

2
> 2dk ≥ |y′ − y|,

and so x − x ′ �= y′ − y, which is absurd. Therefore, x = x ′ and y = y′. Since Dck ,uk

is a generalized Sidon set of order h and Ak−1 is a generalized Sidon set of order
h − 1, it follows that x and y have unique representations as sums of at most h − 1
elements of Dck ,uk and Ak−1, respectively, and so z has a unique representation as
the sum of at most h − 1 elements of Ak . This completes the proof. �



5 Additive Representation Functions 111

By Theorem 7, for every function f ∈ F0(Z), there exist infinitely many
asymptotic bases A of order h such that rA,h = f, and such bases can be constructed
that are arbitrarily sparse. An open problem is to determine how dense such a set can
be. Nathanson and Cilleruelo [2, 3] proved that for every f ∈ F0 and every ε > 0,

there is a set A of integers with rA,h = f and

A(−x, x) � x
√

2−1−ε

for all x ≥ 1. The construction uses dense Sidon sets.

Problem 11. Let α∗
2 be the supremum of the set of all positive real numbers α such

that for every f ∈ F0, there is a set A of integers with rA,h = f and A(−x, x) � xα

for all x ≥ 1. Determine α∗
2 .

Problem 12. Let h ≥ 3. Does there exist a positive real number αh such that for
every f ∈ F0, there is a set A of integers with rA,h = f and A(−x, x) � xαh for
all x ≥ 1. How large can αh be?

We can extend the inverse problem for representation functions to functions f :
Z → N0 ∪ {∞} that have infinitely many zeros. In the case h = 2, if f −1(0) is a
set of integers of density 0, then there we can construct a set A with f = rA,2. The
problem is open for higher orders h.

Problem 13. Let f : Z → N0 ∪ {∞} be a function such that d( f −1(0)) = 0. Let
h ≥ 3. Does there exist a set A of integers such that rA,h(n) = f (n) for all integers
n?

We can extend this problem to functions whose zero sets have small positive
density.

Problem 14. Let h ≥ 2. Does there exist δ = δ(h) > 0 such that if f : Z →
N0 ∪ {∞} is a function with dU ( f −1(0)) < δ, then there exists a set A of integers
such that rA,h(n) = f (n) for all integers n?

8 Representation Functions for Abelian Semigroups

The significant difference between inverse problems for N0 and Z derives in part
from the fact that Z is a group but N0 is not. Nathanson [16] obtained some general
inverse theorems for representation functions of “semigroups with a group com-
ponent.”

Let B be a subset of an abelian semigroup X and let x ∈ X. We define the
representation functions

rB,2(x) = card({{b, b′} ⊆ B : b + b′ = x})
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and
r̂B,2(x) = card({{b, b′} ⊆ B : b + b′ = x and b �= b′}).

We consider semigroups S with the property that S + S = S. Equivalently, for
every s ∈ S there exist s′, s′′ ∈ S such that s = s′+s′′. Every semigroup with identity
has this property, since s = s + 0. There are also semigroups without identity that
have this property. For example, if S is any totally ordered set without a smallest
element, and if we define s1 + s2 = max(s1, s2), then S is an abelian semigroup such
that s = s + s for all s ∈ S, but S does not have an identity element.

Let S be an abelian semigroup and let B ⊆ S. For every positive integer h,
we define the dilation

h ∗ B = {hb : b ∈ B} = {b + · · · + b︸ ︷︷ ︸
h summands

: b ∈ B}.

Note that if G is an abelian group such that every element of G has order dividing h,
then h ∗ G = {0}.
Theorem 8. Let S be a countable abelian semigroup such that for every s ∈ S there
exist s′, s′′ ∈ S with s = s′ + s′′. Let G be a countably infinite abelian group such
that the dilation 2 ∗ G is infinite. Consider the abelian semigroup X = S ⊕ G with
projection map π : X → G. Let

f : X → N0 ∪ {∞}

be any map such that the set π( f −1(0)) is a finite subset of G. Then there exists a
set B ⊆ X such that

r̂B,2(x) = f (x)

for all x ∈ X.

Note that Theorem 8 is not true for all abelian semigroups. For example, let N
be the additive semigroup of positive integers under addition, and X = N ⊕ Z. Since
the equation s ′ + s′′ = 1 has no solution in positive integers, it follows that for
every set B ⊆ X, we have rB(1, n) = r̂B(1, n) = 0 for every n ∈ Z. Thus, if
f : X → N0 ∪ {∞} is any function with f (1, n) �= 0 for some integer n, then there
does not exist a set B ⊆ X with r̂B,2 = f.

Theorem 9. Let G be a countably infinite abelian group such that the dilation 2 ∗ G
is infinite. Let

f : G → N0 ∪ {∞}
be any map such that f −1(0) is a finite subset of G. Then there exists a set B of
order 2 for G such that

r̂B,2(x) = f (x)

for all x ∈ X.
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Theorem 10. Let S be a countable abelian semigroup such that for every s ∈ S there
exist s′, s′′ ∈ S with s = s′ + s′′. Let G be a countably infinite abelian group such
that the dilation 12 ∗ G is infinite. Consider the abelian semigroup X = S ⊕ G with
projection map π : X → G. Let

f : X → N0 ∪ {∞}
be any map such that the set π( f −1(0)) is finite. Then there exists a set B ⊆ X such
that

rB,2(x) = f (x)

for all x ∈ X.

Theorem 11. Let G be a countably infinite abelian group such that the dilation 12∗G
is infinite. Let

f : G → N0 ∪ {∞}
be any map such that the set f −1(0) is finite. Then there exists an asymptotic basis
B of order 2 for G such that

rB,2(x) = f (x)

for all x ∈ X.

The proofs of Theorems 8–11 can be found in [16].

Problem 15. What countable abelian semigroups X have the property that for every
function f : X → N0 ∪ {∞} such that the set f −1(0) is finite, there exists an
asymptotic basis B of order 2 for X with rB,2 = f ?

9 Bases Associated to Binary Linear Forms

Let �(x1, x2) = u1x1 + u2x2 be a binary linear form with relatively prime integer
coefficients u1 and u2. Let A1 and A2 be sets of integers. We define the set

�(A1, A2) = {�(a1, a2) : a1 ∈ A1 and a2 ∈ A2}.
The representation function associated with the form � is

RA1,A2,�(n) = card ({(a1, a2) ∈ A1 × A2 : �(a1, a2) = n}) .

Then RA1,A2,� is a function from Z into N0 ∪ {∞}. If A1 = A2 = A, we write

�(A) = �(A, A) = {�(a1, a2) : a1, a2 ∈ A}
and

RA,�(n) = RA,A,�(n) = card({(a1, a2) ∈ A2 : �(a1, a2) = n}).
The set A will be a called a unique representation basis with respect to the form � if
RA,�(n) = 1 for every integer n.
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Lemma 2. Let �(x1, x2) = u1x1 + u2x2 be a binary linear form with relatively
prime positive integer coefficients u1 < u2. Let A be a finite set of integers and let b
be an integer. Then there exists a set C with A ⊆ C and |C \ A| = 2 such that

RC,�(n) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

RA,�(b) + 1 if n = b,

RA,�(n) if n ∈ �(A) \ {b},
1 if n ∈ �(C) \ (�(A) ∪ {b}),
0 if n /∈ �(C).

(6)

Proof. Since gcd(u1, u2) = 1, there exist integers v1 and v2 such that �(v1, v2) =
u1v1 + u2v2 = 1. Then

�(bv1 + u2t, bv2 − u1t) = u1(bv1 + u2t) + u2(bv2 − u1t)

= b(u1v1 + u2v2) = b

for all integers t. Let B = {bv1 +u2t, bv2 −u1t}. If t �= (b(v2 −v1)/(u1 +u2), then
bv1 + u2t �= bv2 − u1t and |B| = 2. We shall prove that there exist infinitely many
integers t such that A ∩ B = ∅ and the set C = A ∪ B satisfies conditions (6).

If d = max({|a| : a ∈ A}), then |�(a)| ≤ (u1 + u2)d for all a ∈ A. The set
�(C) is the union of the sets �(A),�(A, B),�(B, A), and �(B).

If c ∈ {�(a, bv1 + u2t) : a ∈ A}, then there exists a ∈ A such that

c = u1a + u2(bv1 + u2t) = (u1a + u2v1b) + u2
2t,

and so c > d for all sufficiently large integers t .
If c′ ∈ {�(a, bv2 − u1t) : a ∈ A}, then there exists a′ ∈ A such that

c′ = u1a′ + u2(bv2 − u1t) = (u1a′ + u2v2b) − u1u2t,

and so c < −d for all sufficiently large integers t . Therefore,

�(A) ∩ �(A, B) = ∅
for all sufficiently large integers t .

For every integer t , the functions �(a, bv1+u2t) and �(a, bv2−u1t) are strictly
increasing functions of a. Moreover, there exist a, a′ ∈ A such that �(a, bv1 +
u2t) = �(a′, bv2 − u1t) if and only if

(u1a + u2v1b) + u2
2t = (u1a′ + u2v2b) − u1u2t,

that is, if and only if

(u1 + u2)u2t = u1(a
′ − a) + u2(v2 − v1)b,

and this identity holds only for finitely many t . Thus, for all sufficiently large t we
have RA,B, f (n) ≤ 1 for all n ∈ Z.
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Similarly, if c ∈ {�(bv1 + u2t, a) : a ∈ A}, then there exists a ∈ A such that

c = u1(bv1 + u2t) + u2a = (u1v1b + u2a) + u1u2t,

and so c > d for all sufficiently large integers t .
If c′ ∈ {�(bv2 − u1t, a) : a ∈ A}, then there exists a′ ∈ A such that

c′ = u1(bv2 − u1t) + u2a′ = (u1v2b + u2a′) − u2
1t,

and so c < −d for all sufficiently large integers t . Therefore,

�(A) ∩ �(B, A) = ∅
for all sufficiently large integers t . By the same method, we can prove that for all
sufficiently large t we have RB,A, f (n) ≤ 1 for all n ∈ Z and

�(A) ∩ �(B, A) = �(A, B) ∩ �(B, A) = ∅.

Finally, the set �(B) = {�(b′, b′′) : b′, b′′ ∈ B} consists of the integers
b, (u1v2 + u2v1)b + (u2

2 − u2
1)t, (u1 + u2)bv1 + u2(u1 + u2)t), and (u1 + u2)bv2 −

u1(u1 +u2)t). The coefficients of t are the distinct integers u2
2 −u2

1, u2(u1 +u2), and
−u1(u1 + u2), and these are different from the numbers −u1u2,−u2

1, u1u2, and u2
2,

which are the coefficients of t in �(A, B) and �(B, A). It follows that |�(B)| = 4
and that the sets �(A),�(B, A),�(A, B), and �(B) \ {b} are pairwise disjoint for
all sufficiently large t. This completes the proof. �

Theorem 12. Let �(x1, x2) = u1x1 + u2x2 be a binary linear form with relatively
prime positive integer coefficients u1 < u2. There exists a unique representation
basis with respect to the form �, that is, a set A of integers such that RA,�(n) = 1
for all n ∈ Z.

Proof. We shall construct an increasing sequence of finite sets A1 ⊆ A2 ⊆ · · ·
such that RAk , f (n) ≤ 1 for all k ∈ N and n ∈ Z, and A = ⋃∞

k=1 Ak is a unique
representation basis for f. Let A1 = {0, 1}. Then �(A1) = {0, u1, u2, u1 + u2}.
Since 0 < u1 < u2 < u1 + u2, it follows that |�(A1)| = 4 and RA1, f (n) ≤ 1 for all
n ∈ Z.

Let Ak be a finite set of integers such that RAk ,�(n) ≤ 1 for all n ∈ Z. Let b be
an integer such that

|b| = min ({|n| : n /∈ �(Ak)}) .

By Lemma 2, there is a set Ak+1 containing Ak such that b ∈ �(Ak+1) and
RAk+1,�(n) ≤ 1 for all n ∈ Z. This completes the proof. �

More general results about representation functions of binary linear forms appear
in Nathanson [18].

Problem 16. Determine all m-ary linear forms �(x1, . . . , xm) = u1x1 +· · ·+um xm

with nonzero, relatively prime integer coefficients such that there exists a unique
representation basis with respect to �.
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Problem 17. Let m ≥ 2 and let �(x1, . . . , xm) be an m-ary linear form with
nonzero, relatively prime integer coefficients. Let f : Z → N0 ∪ {∞} be a func-
tion such that f −1(0) is finite. Does there exist a set A such that RA,� = f ?

Problem 18. Determine all m-ary linear forms � such that if A and B are sets of
integers with RA,� = RB,�, then A = B.

Problem 19. Determine all m-ary linear forms � such that if A and B are finite sets
of integers with RA,� = RB,�, then A = B.

The last problem is related to work of Ewell, Fraenkel, Gordon, Selfridge, and
Straus [7, 8, 21].
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Summary. This paper is a survey of some recent joint work with Kathrin Bringmann on
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and the conjecture of Andrews and Dragonette on Ramanujan’s third-order mock theta func-
tion f (q).
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1 Introduction

Generating functions play a central role throughout number theory. For example, in
the theory of partitions, if p(n) denotes the number of partitions of an integer n, then
Euler observed that

P(q) :=
∞∑

n=0

p(n)q24n−1 = q−1
∞∏

n=1

1

1 − q24n

= q−1 + q23 + 2q47 + 3q71 + 5q95 + · · · . (1.1)

Similarly, in the theory of quadratic forms, we have the following fundamental
q-series identity of Jacobi:

�(q) :=
∞∑

n=−∞
qn2 =

∞∏

n=1

(1 − q2n)5

(1 − qn)2(1 − q4n)2
= 1+2q +2q4 +2q9 +· · · . (1.2)

Consequently, it follows that the integers rs(n), the number of representations of
integers n as sums of s squares, are formally given as the coefficients of the q-series
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∞∑

n=0

rs(n)qn = �(q)s =
∞∏

n=1

(1 − q2n)5s

(1 − qn)2s(1 − q4n)2s
.

As a third example, consider the q-series A(q) defined by

A(q) :=
∞∑

n=1

aE (n)qn := q
∞∏

n=1

(1 − q4n)2(1 − q8n)2

= q − 2q5 − 3q9 + 6q13 + 2q17 − · · · . (1.3)

It is well known that L(E, s) = ∑∞
n=1

aE (n)
ns is the Hasse–Weil L-function of the

elliptic curve
E : y2 = x3 − x .

In particular, this fact implies that if p is an odd prime, then

aE (p) = p − #{(x, y) ∈ (Fp)
2 : y2 ≡ x3 − x(mod p)} = −

p−1∑

x=0

(
x3 − x

p

)
.

Therefore, the q-series A(q) can be naively thought of as the “generating function”
for the number of Fp-points on the reductions of the elliptic curve E as one varies p.

These examples share the property that they all are generating functions that
coincide with Fourier expansions of modular forms. Loosely speaking, a modular
form of weight k on a subgroup � ⊂ SL2(Z) with multiplier system ε is any mero-
morphic function f (z) on H with the property that

f

(
az + b

cz + d

)
= ε(a, b, c, d)(cz + d)k f (z)

for every
(

a b
c d

) ∈ �. The modularity of these generating functions follows from the
modularity of Dedekind’s eta function

η(z) := q1/24
∞∏

n=1

(1 − qn) (1.4)

(note: q := e2π i z throughout). More precisely, modularity follows from the well-
known transformation laws

η(z + 1) = e(1/24)η(z) and η(−1/z) = (−i z)
1
2 η(z), (1.5)

where e(α) := e2π iα .
In this context, the theory of modular forms has played a central role in the

study of partitions, quadratic forms, and elliptic curves, as well as many other topics
throughout mathematics. The rich theory of modular forms allows one to prove
theorems about asymptotics, congruences, and multiplicative relations.
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On the other hand, there are many related questions in which modular forms
do not appear to play a role. Here we consider problems on mock theta functions
and partitions, and we show that weak Maass forms play a prominent role. We shall
consider recent works [11, 12] by Bringmann and the author on mock theta functions
and Dyson’s partition ranks. In particular, we shall review recent results on:

• Modularity of mock theta functions,
• Dyson’s partition ranks and partition congruences,
• The Andrews–Dragonette conjecture for the mock theta function f (q).

2 Weak Maass Forms

We begin by recalling the notion of a weak Maass form of half-integral weight
k ∈ 1

2Z \ Z. If z = x + iy with x, y ∈ R, then the weight k hyperbolic Laplacian is
given by

�k := −y2

(
∂2

∂x2
+ ∂2

∂y2

)
+ iky

(
∂

∂x
+ i

∂

∂y

)
. (2.1)

If v is odd, then define εv by

εv :=
{

1 if v ≡ 1(mod 4),

i if v ≡ 3(mod 4).
(2.2)

A weak Maass form of weight k on a subgroup � ⊂ �0(4) is any smooth function
f : H → C satisfying the following:

(1) For all A = (
a b
c d

) ∈ � and all z ∈ H, we have

f (Az) =
(

c

d

)2k

ε−2k
d (cz + d)k f (z).

Here
(c

d

)
denotes the extended Legendre symbol.

(2) We have that �k f = 0.
(3) The function f (z) has at most linear exponential growth at all the cusps of �.

Similarly, we have the notion of a weak Maass form with Nebentypus. To define it,
suppose that N is a positive integer, and that ψ(mod 4N ) is a Dirichlet character.
A weight k weak Maass form on �1(4N ) is a weak Maass form on �0(4N ) with
Nebentypus character ψ if for every A = (

a b
c d

) ∈ �0(4N ) and all z ∈ H we have

f (Az) = ψ(d)

(
c

d

)2k

ε−2k
d (cz + d)k f (z).

Remark. The transformation laws in these definitions coincide with those in Shimura’s
theory of half-integral-weight modular forms [31].
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Weak Maass forms can be related to classical weakly holomorphic modular
forms, those forms whose poles (if there are any) are supported at cusps. A weak
Maass form that is holomorphic on H is already a weakly holomorphic modular
form. More generally, one may relate weak Maass forms to weakly holomorphic
modular forms using the antilinear differential operator ξk defined by

ξk( f )(z) := 2iyk ∂

∂ z̄
f (z). (2.3)

Here we have that
∂

∂z
= 1

2

(
∂

∂x
+ i

∂

∂y

)
.

In their work on geometric theta lifts, Bruinier and Funke (see Proposition 3.2 of
[13]) proved the following valuable proposition.

Proposition 2.1. If f (z) is a weak Maass form of weight k for the group �0(4N ) with
Nebentypus χ , then ξk( f ) is a weakly holomorphic modular form of weight 2 − k on
�0(4N ) with Nebentypus χ̄ . Furthermore, ξk has the property that its kernel consists
of those weight-k weak Maass forms that are weakly holomorphic modular forms.

Remark. Proposition 2.1 holds for weak Maass forms on any subgroup � ⊂ �0(4),
not just those with Nebentypus.

The purpose of this expository paper is to describe a number of instances in
which the theory of weak Maass forms gives new results on mock theta functions
and partition ranks. In particular, it will turn out that well-known generating functions
appear as “pieces” of weak Maass forms. Weak Maass forms have Fourier expansions
of the form

f (z) =
∞∑

n=n0

γ ( f, n; y)q−n +
∞∑

n=n1

a( f, n)qn .

As one sees, the Fourier coefficients γ ( f, n; y) are functions in y, the imaginary
part of z, while the coefficients a( f, n) are ordinary complex numbers. Therefore,
we shall refer to

∑∞
n=n0

γ ( f, n; y)q−n as the “nonholomorphic part” of f (z), and
we shall refer to

∑∞
n=n1

a( f, n)qn as its “holomorphic part.” The number-theoretic
generating functions we consider are holomorphic parts of weak Maass forms.

3 Mock Theta Functions and Partition Ranks

The mock theta-functions give us tantalizing hints of a grand synthesis still to be
discovered. Somehow it should be possible to build them into a coherent group-
theoretical structure, analogous to the structure of modular forms which Hecke built
around the old theta-functions of Jacobi. This remains a challenge for the future. My
dream is that I will live to see the day when our young physicists, struggling to bring
the predictions of superstring theory into correspondence with the facts of nature,
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will be led to enlarge their analytic machinery to include not only theta-functions
but mock theta-functions. . . . But before this can happen, the purely mathematical
exploration of the mock-modular forms and their mock-symmetries must be carried
a great deal further.

Freeman Dyson, 1987
Ramanujan Centenary Conference

Dyson’s words (see page 20 of [18]) refers to 22 peculiar q-series, such as

f (q) := 1 +
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
, (3.1)

which were defined by Ramanujan and Watson decades ago. In his last letter to
Hardy, dated January 1920 (see pages 127–131 of [28]), Ramanujan lists 17 such
functions, and he gives 2 more in his “Lost Notebook” [28]. In his paper “The final
problem: an account of the mock theta functions” [33], Watson defines 3 further func-
tions. Although much remains unknown about these enigmatic series, Ramanujan’s
mock theta functions have been the subject of an astonishing number of important
works (for example, see [3, 4, 6, 7, 14, 15, 16, 20, 21, 22, 23, 28, 29, 33, 34, 35, 36]
to name a few).

In his 2002 Ph.D. thesis [36], written under the direction of Zagier, Zwegers made
an important step in the direction of Dyson’s “challenge for the future” by relating
many of Ramanujan’s mock theta functions to real analytic vector-valued modu-
lar forms. More recently, Bringmann and the author have shown [12] that Dyson’s
own rank-generating function can already be used to construct the desired “coherent
group-theoretical structure, analogous to the structure of modular forms which Hecke
built around old theta functions of Jacobi.” More precisely, we relate specializations
of his partition rank-generating function to weak Maass forms, and we show that the
nonholomorphic parts of these forms are period integrals of theta functions, thereby
realizing Dyson’s speculation that such a picture should involve theta functions.

In an effort to provide a combinatorial explanation of Ramanujan’s congruences
for p(n), Dyson introduced [17] the so-called rank of a partition. The rank of a
partition is defined to be its largest part minus the number of its parts. If N (m, n)

denotes the number of partitions of n with rank m, then it is well known that

R(w; q) := 1 +
∞∑

n=1

∞∑

m=−∞
N (m, n)wmqn = 1 +

∞∑

n=1

qn2

(wq; q)n(w−1q; q)n
, (3.2)

where

(a; q)n := (1 − a)(1 − aq) · · · (1 − aqn−1),

(a; q)∞ :=
∞∏

m=0

(1 − aqm).
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Letting w = −1, we obtain the series

R(−1; q) = 1 +
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
.

This is the mock theta function f (q) given in (3.1). This observation connects the
additive number theory of partitions to mock theta functions. In the next section, we
link the specializations of these generating functions, at roots of unity w �= 1, to
weight 1/2 weak Maass forms.

3.1 Dyson’s Generating Functions and Maass Forms

Here we complete Dyson’s generating functions to obtain weak Maass forms.
Suppose that 0 < a < c are integers, and let ζc := e2π i/c. If fc := 2c

gcd(c,6)
, then

define the theta function �
( a

c ; τ
)

by

�
(a

c
; τ
)

:=
∑

m(mod fc)

(−1)m sin

(
aπ(6m + 1)

c

)
· θ
(

6m + 1, 6 fc; τ

24

)
, (3.3)

where τ ∈ H and
θ(α, β; τ) :=

∑

n≡α(mod β)

ne2π iτn2
. (3.4)

Throughout, let �c := lcm(2c2, 24), and let �̃c := �c/24. It is well known [31] that
�
( a

c ; �cτ
)

is a weight 3/2 cusp form, and we use it to define the function S1
( a

c ; z
)
:

S1

(a

c
; z
)

:= −i sin
(

πa
c

)
�c

1
2

√
3

∫ i∞

−z̄

�
( a

c ; �cτ
)

√−i(τ + z)
dτ. (3.5)

Using this notation, define D
( a

c ; z
)

by

D
(a

c
; z
)

:= −S1

(a

c
; z
)

+ q− �c
24 R(ζ a

c ; q�c ). (3.6)

Theorem 3.1 (Bringmann–Ono, Theorems 1.1 and 1.2 of [12]). If 0 < a < c, then
D
( a

c ; z
)

is a weight 1/2 weak Maass form on �c, where

�c :=
〈(

1 1
0 1

)
,

(
1 0
�2

c 1

)〉
. (3.7)

Moreover, if c is odd, then D
( a

c ; z
)

is a weak Maass form of weight 1/2 on
�1(144 f 2

c �̃c).

Sketch of the proof. The conclusion of the theorem follows from a general result
(see Theorem 3.4 of [12]) about vector-valued weight 1/2 weak Maass forms for



6 Mock Theta Functions, Ranks and Maass Forms 125

the modular group SL2(Z), a result that is of independent interest. For brevity, here
we only sketch the proof of the first claim.

To prove this claim, we require modular transformation laws for the series
R(ζ a

c ; q�c ). Some of these laws have been obtained recently by Gordon and McIntosh
[21]. To state their results, we first define the series

M
(a

c
; z
)

= M
(a

c
; q
)

:= 1

(q; q)∞

∞∑

n=−∞

(−1)nqn+ a
c

1 − qn+ a
c

· q
3
2 n(n+1),

M1

(a

c
; z
)

= M1

(a

c
; q
)

:= 1

(q; q)∞

∞∑

n=−∞

(−1)n+1qn+ a
c

1 + qn+ a
c

· q
3
2 n(n+1),

N
(a

c
; z
)

= N
(a

c
; q
)

:= 1

(q; q)∞

×
⎛

⎝1 +
∞∑

n=1

(−1)n (1 + qn)
(

2 − 2 cos
(

2πa
c

))

1 − 2qn cos
(

2πa
c

)
+ q2n

· q
n(3n+1)

2

⎞

⎠ ,

N1

(a

c
; z
)

= N1

(a

c
; q
)

:= 1

(q; q)∞

×
∞∑

n=0

(−1)n(1 − q2n+1)

1 − 2qn+ 1
2 cos

(
2πa

c

)
+ q2n+1

· q
3n(n+1)

2 . (3.8)

Gordon and McIntosh prove the following q-series identities:

M
(a

c
; q
)

=
∞∑

n=1

qn(n−1)

(q
a
c ; q)n · (q1− a

c ; q)n
, (3.9)

N
(a

c
; q
)

= 1 +
∞∑

n=1

qn2

∏n
j=1

(
1 − 2 cos

(
2πa

c

)
q j + q2 j

) . (3.10)

Obviously, (3.8) and (3.10) imply the important fact that

R(ζ a
c ; q) = N

(a

c
; q
)

. (3.11)

Their transformation laws involve the following Mordell integrals:

J
(a

c
;α
)

:=
∫ ∞

0
e− 3

2 αx2 ·
cosh

((
3a
c − 2

)
αx
)

+ cosh
((

3a
c − 1

)
αx
)

cosh(3αx/2)
dx,

J1

(a

c
;α
)

:=
∫ ∞

0
e− 3

2 αx2 ·
sinh

((
3a
c − 2

)
αx
)

− sinh
((

3a
c − 1

)
αx
)

sinh(3αx/2)
dx .

(3.12)
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Suppose that α and β have the property that αβ = π2. Gordon and McIntosh then
prove (see page 199 of [21]) that if q := e−α and q1 := e−β , then

q
3a
2c (1− a

c )− 1
24 · M

(a

c
; q
)

=
√

π

2α
csc

(aπ

c

)
q

− 1
6

1 · N
(a

c
; q4

1

)

−
√

3α

2π
· J

(a

c
;α
)

,

q
3a
2c (1− a

c )− 1
24 · M1

(a

c
; q
)

= −
√

2π

α
q

4
3

1 · N1

(a

c
; q2

1

)
−
√

3α

2π
· J1

(a

c
;α
)

.

(3.13)

Using the functions

N
(a

c
; q
)

= N
(a

c
; z
)

:= csc
(aπ

c

)
· q− 1

24 · N
(a

c
; q
)

, (3.14)

M
(a

c
; q
)

= M
(a

c
; z
)

:= 2q
3a
2c ·(1− a

c )− 1
24 · M

(a

c
; q
)

, (3.15)

define the vector-valued function F
( a

c ; z
)

by

F
(a

c
; z
)

:=
(

F1

(a

c
; z
)

, F2

(a

c
; z
))T

=
(

sin
(πa

c

)
N
(a

c
; �cz

)
, sin

(πa

c

)
M

(a

c
; �cz

))T
. (3.16)

Similarly, define the vector-valued (nonholomorphic) function G
( a

c ; z
)

by

G
(a

c
; z
)

=
(

G1

(a

c
; z
)

, G2

(a

c
; z
))T

:=
(

2
√

3 sin
(πa

c

)√
−i�cz · J

(a

c
;−2π i�cz

)
,

2
√

3 sin
(

πa
c

)

i�cz
· J

(
a

c
; 2π i

�cz

))T

. (3.17)

The transformations in (3.13) easily imply the following transformations under the
generators of �c.

Lemma 3.2. Assume the notation and hypotheses above. For z ∈ H, we have

F
(a

c
; z + 1

)
= F

(a

c
; z
)

,

1√−i�cz
· F

(
a

c
;− 1

�c
2z

)
=
(

0 1
1 0

)
· F

(a

c
; z
)

+ G
(a

c
; z
)

.
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The Mordell vector G
( a

c ; z
)

arises as integrals of the theta function �
( a

c ; τ
)
.

Lemma 3.3. Assume the notation and hypotheses above. For z ∈ H, we have

G
(a

c
; z
)

= i�
1
2
c sin

(
πa
c

)
√

3

∫ i∞

0

(
(−i�cτ)−

3
2 �

(
a
c ;− 1

�cτ

)
,�

( a
c ; �cτ

)
,
)T

√−i(τ + z)
dτ.

Proof of the lemma. For brevity, we prove the asserted formula only for the first
component of G

( a
c ; z

)
. The proof for the second component follows in the same

way.
By analytic continuation and a change of variables (note: we may assume that

z = i t with t > 0), we find that

J

(
a

c
; 2π

�ct

)

= �ct ·
∫ ∞

0
e−3�cπ t x2 ·

cosh
((

3a
c − 2

)
2πx

)
+ cosh

((
3a
c − 1

)
2πx

)

cosh(3πx)
dx .

Using the Mittag-Leffler theory of partial fraction decompositions, one finds that

cosh
((

3a
c − 2

)
2πx

)
+ cosh

((
3a
c − 1

)
2πx

)

cosh(3πx)

= −i√
3π

∑

n∈Z

(−1)n sin
(

πa(6n+1)
c

)

x − i
(

n + 1
6

) − i√
3π

∑

n∈Z

(−1)n sin
(

πa(6n+1)
c

)

−x − i
(

n + 1
6

) .

By introducing the extra term 1

i
(

n+ 1
6

) , we just have to consider

∫ ∞

−∞
e−3π�ct x2 ∑

n∈Z

(−1)n sin

(
πa(6n + 1)

c

)⎛

⎝ 1

x − i
(

n + 1
6

) + 1

i
(

n + 1
6

)

⎞

⎠ dx .

Since this expression is absolutely convergent, we may interchange summation and
integration to obtain

J

(
a

c
; 2π

�ct

)
= −�ci t√

3π

∑

n∈Z

(−1)n sin

(
πa(6n + 1)

c

)∫ ∞

−∞
e−3π�ct x2

x − i
(

n + 1
6

) dx .

For all s ∈ R \ {0}, we have the identity

∫ ∞

−∞
e−π t x2

x − is
dx = π is

∫ ∞

0

e−πus2

√
u + t

du
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(this follows since both sides are solutions of
(− ∂

∂t + πs2
)

f (t) = π is√
t

and have

the same limit 0 as t 
→ ∞ and hence are equal). Hence we may conclude
that

J

(
a

c
; 2π

�ct

)

= �ct

6
√

3

∑

n∈Z

(−1)n(6n + 1) sin

(
πa(6n + 1)

c

)∫ ∞

0

e−π(n+1/6)2u

√
u + 3�ct

du.

Substituting u = −3�ciτ , and interchanging summation and integration gives

J

(
a

c
; 2π

�ct

)

= −i t�c
3
2

6

∫ i∞

0

∑
n∈Z

(−1)n(6n + 1) sin
(

πa(6n+1)
c

)
e

3π i�cτ
(

n+ 1
6

)2

√−i(τ + i t)
dτ.

The claim follows since the sum over n coincides with definition (3.3). �

We must determine the necessary modular transformation properties of the vector

S
(a

c
; z
)

=
(

S1

(a

c
; z
)

, S2

(a

c
; z
))

:= −i sin
(

πa
c

)
�c

1
2

√
3

∫ i∞

−z̄

(
�
( a

c ; �cτ
)
, (−i�cτ)−

3
2 �

(
a
c ;− 1

�cτ

))T

√−i(τ + z)
dτ.

(3.18)

Since �
( a

c ; �cz
)

is a cusp form, the integral above is absolutely convergent. The next
lemma shows that S

( a
c ; z

)
satisfies the same transformations as F

( a
c ; z

)
.

Lemma 3.4. Assume the notation and hypotheses above. For z ∈ H, we have

S
(a

c
; z + 1

)
= S

(a

c
; z
)

,

1√−i�cz
· S

(
a

c
;− 1

�c
2z

)
=
(

0 1
1 0

)
· S

(a

c
; z
)

+ G
(a

c
; z
)

.

Proof of the lemma. Using the Fourier expansion of �
( a

c ; z
)
, one easily sees that

S1

(a

c
; z + 1

)
= S1

(a

c
; z
)

.

Using classical facts about theta functions [31], we also have that

S2

(a

c
; z + 1

)
= S2

(a

c
; z
)

.
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Hence, it suffices to prove the second transformation law. We directly compute

1√−i�cz
· S

(
a

c
;− 1

�c
2z

)

= i sin
(

πa
c

)
�c

1
2

√
3
√−i�cz

∫ i∞
1

�c2 z̄

(
�
( a

c ; �cτ
)
, (−i�cτ)−

3
2 �

(
a
c ;− 1

�cτ

))T

√
−i

(
τ − 1

�c
2z

) dτ,

and after making the change of variable τ 
→ − 1
�c

2τ
, we obtain

1√−i�cz
· S

(
a

c
;− 1

�c
2z

)

= i sin
(

πa
c

)
�c

1
2

√
3

∫ −z̄

0

(
(−i�cτ)−

3
2 �

(
a
c ;− 1

�cτ

)
,�

( a
c , �cτ

))T

√−i (τ + z)
dτ.

Consequently, we obtain the desired conclusion

1√−i�cz
· S

(
a

c
;− 1

�c
2z

)
−
(

0 1
1 0

)
· S

(a

c
; z
)

= i sin
(

πa
c

)
�c

1
2

√
3

∫ i∞

0

(
(−i�cτ)−

3
2 �

(
a
c ;− 1

�cτ

)
,�

( a
c ; �cτ

))T

√−i (τ + z)
dτ

= G
(a

c
; z
)

.

�

Using (3.6), (3.8), (3.11), (3.14), and (3.16), we find that we have already deter-
mined the transformation laws satisfied by D

( a
c ; z

)
, since we have

(
1 0

�c
2 1

)
=
(

0 1
−�c

2 0

)(
1 −1
0 1

)(
0 − 1

�c
2

1 0

)
.

The key point is that the first and third matrices on the right provide the same Möbius
transformation on H. Therefore the transformation laws for D

( a
c ; z

)
follow from

Lemma 3.2 and Lemma 3.4.
Now we show that D

( a
c ; z

)
is annihilated by

� 1
2

= −y2

(
∂2

∂x2
+ ∂2

∂y2

)
+ iy

2

(
∂

∂x
+ i

∂

∂y

)
= −4y

3
2

∂

∂z

√
y

∂

∂ z̄
.
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Since q− �c
24 R(ζ a

b ; q�c ) is a holomorphic function in z, we get

∂

∂ z̄

(
D
(a

c
; z
))

= − ∂

∂ z̄

(
S1

(a

c
; z
))

= sin
(

πa
c

)
�

1
2
c√

6y
· �

(a

c
;−�c z̄

)
.

Hence, we find that
√

y ∂
∂ z̄

(
D
( a

c ; z
))

is antiholomorphic, and so

∂

∂z

√
y

∂

∂ z̄

(
D
(a

c
; z
))

= 0.

To complete the proof, it suffices to show that D
( a

c ; z
)

has at most linear
exponential growth at cusps. This follows from the convergence of the period integral
S1
( a

c ; z
)

and the transformation laws satisfied by D
( a

c ; z
)
. �

Remark. Zwegers observed [35] that one may interprete Watson’s transformation
laws for the third-order mock theta functions in terms of a vector-valued real analytic
modular form on SL2(Z). Bringmann and the author constructed (see Theorem 3.4
of [12]) an infinite class of SL2(Z) vector-valued weight-1/2 weak Maass forms.
This result implies Theorem 3.1, and it is a generalization of Zwegers’ observation.

3.2 Ramanujan’s Partition Congruences

Theorem 3.1 sheds new light on the role that Dyson’s rank plays in the theory of
partition congruences. If r and t are integers, then let N (r, t; n) be the number of
partitions of n whose rank is r(mod t). Using a standard argument involving the
orthogonality relations on sums of roots of unity, it is straightforward to deduce that
if 0 ≤ r < t are integers, then

∞∑

n=0

N (r, t; n)qn = 1

t

∞∑

n=0

p(n)qn + 1

t

t−1∑

j=1

ζ
−r j
t · R(ζ

j
t ; q). (3.19)

By Theorem 3.1, it then follows that
∞∑

n=0

(
N (r, t; n) − p(n)

t

)
q�t n− �t

24

is the holomorphic part of a weak Maass form of weight 1/2 on �t , one that is given
as an appropriate weighted sum of the weak Maass forms D

( a
t ; z

)
. If t is odd, then it

is on �1(144 f 2
t �̃t ). This result allows us to relate many “sieved” generating functions

to weakly holomorphic modular forms.

Theorem 3.5 (Bringmann–Ono, Theorem 1.4 of [12]). If 0 ≤ r < t are integers,
where t is odd, and P � 6t is prime, then

∑

n≥1

(24�t n−�t
P )=−(−24�̃t

P )

(
N (r, t; n) − p(n)

t

)
q�t n− �t

24

is a weight-1/2 weakly holomorphic modular form on �1(144 f 2
t �̃tP4).
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Sketch of the proof. The proof requires the Fourier expansions of the forms D
( a

c ; z
)
.

To give these expansions, we require the incomplete gamma function

�(a; x) :=
∫ ∞

x
e−t ta−1 dt. (3.20)

For integers 0 < a < c, we have

D
(a

c
; z
)

= q− �c
24 +

∞∑

n=1

∞∑

m=−∞
N (m, n)ζ am

c q�cn− �c
24

+ i sin
(

πa
c

)
�

1
2
c√

3

∑

m(mod fc)

(−1)m sin

(
aπ(6m + 1)

c

)

×
∑

n≡6m+1(mod 6 fc)

γ (c, y; n)q−�̃cn2
, (3.21)

where

γ (c, y; n) := i√
2π�̃c

· �

(
1

2
; 4π�̃cn2 y

)
.

This expansion follows easily from

−S1

(a

c
; z
)

= i sin
(

πa
c

)
�

1
2
c√

3

∑

m(mod fc)

(−1)m sin

(
aπ(6m + 1)

c

)

×
∑

n≡6m+1(mod 6 fc)

∫ i∞

−z

ne2π in2�̃cτ

√−i(τ + z)
dτ

and the integral identity

∫ i∞

−z

ne2π in2�̃cτ

√−i(τ + z)
dτ = γ (c, y; n) · q−�̃cn2

.

The key point of the proof is that the nonholomorphic parts of these weak Maass
forms have the property that their coefficients are supported on a fixed square class,
one that is easily annihilated by taking linear combinations of quadratic twists. In
particular, suppose that P � 6c is prime. For this prime P , let

g :=
P−1∑

v=1

(
v

P

)
e

2π iv
P

be the usual Gauss sum with respect to P . Define the function D
( a

c ; z
)
P by

D
(a

c
; z
)

P
:= g

P

P−1∑

v=1

( v

P
)

D
(a

c
; z
) ∣∣∣ 1

2

(
1 − v

P
0 1

)
, (3.22)
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where | 1
2

is the usual “slash operator” (for example, see page 51 of [26]). By

construction, D
( a

c ; z
)
P is the P quadratic twist of D

( a
c ; z

)
. In other words, the

nth coefficient in the q-expansion of D
( a

c ; z
)
P is

( n
P
)

times the nth coefficient of
D
( a

c ; z
)
. For the nonholomorphic part, this follows from the fact that the factors

γ (c, y; n) appearing in (3.21) are fixed by the transformations in (3.22).
Generalizing classical facts about twists of modular forms, D

( a
c ; z

)
P is a weak

Maass form of weight 1/2 on �1(144 f 2
c �̃cP2). By (3.21), it follows that

D
(a

c
; z
)

−
(−�̃c

P

)
D
(a

c
; z
)

P
(3.23)

is a weak Maass form of weight 1/2 on �1(144 f 2
c �̃cP2) with the property that its

nonholomorphic part is supported on summands of the form ∗q−�̃cP2n2
. These terms

are annihilated by taking the P-quadratic twist of this Maass form. Consequently,
we obtain a weakly holomorphic modular form of weight 1/2 on �1(144 f 2

c �̃cP4).
Thanks to (3.19), when t = c, the conclusion of Theorem 3.5 follows. �

Theorem 3.5 allows us to employ the rich theory of weakly holomorphic modular
forms in the study of partition ranks. Here we describe results that were originally
inspired by the celebrated Ramanujan congruences:

p(5n + 4) ≡ 0(mod 5),

p(7n + 5) ≡ 0(mod 7),

p(11n + 6) ≡ 0(mod 11).

In his famous seminal paper [17], Dyson conjectured that ranks could be used to
provide a combinatorial “explanation” for the first two congruences.1 Precisely, he
conjectured2 that for every integer n and every r we have

N (r, 5; 5n + 4) = p(5n + 4)

5
, (3.24)

N (r, 7; 7n + 5) = p(7n + 5)

7
. (3.25)

In an important paper, Atkin and Swinnerton-Dyer [9] confirmed Dyson’s conjecture
in 1954. It is not difficult to use Theorem 3.1 to give alternative proofs of these rank
identities, as well as others of similar type.

1 He further postulated the existence of another statistic, the so-called ‘crank’ that could be
used to provide an explanation for all three Ramanujan congruences. In 1988, Andrews
and Garvan [8] found the crank, and they confirmed Dyson’s speculation that it explains
the three Ramanujan congruences. Recent work of Mahlburg [24] establishes that the
Andrews–Dyson–Garvan crank plays an even more central role in the theory of partition
congruences. His work establishes congruences modulo arbitrary powers of all primes ≥ 5.
Other work by Garvan, Kim, and Stanton [19] gives a different “crank” for several other
Ramanujan congruences.

2 A short calculation reveals that this phenomenon cannot hold modulo 11.
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Although identities such as (3.24) and (3.25) are rare, it is still natural to use
Theorem 3.5 to investigate the relation between ranks and generic partition congru-
ences such as

p(48037937n + 1122838) ≡ 0(mod 17),

p(1977147619n + 815655) ≡ 0(mod 19),

p(14375n + 3474) ≡ 0(mod 23),

p(348104768909n + 43819835) ≡ 0(mod 29),

p(4063467631n + 30064597) ≡ 0(mod 31),

which are now known to exist (for example, see [10, 25, 2, 1]). We shall employ
a method first used by the author in [25] in his work on p(n), and we show that
Dyson’s rank-partition functions themselves uniformly satisfy many congruences of
Ramanujan type.

Theorem 3.6 (Bringmann–Ono, Theorem 1.5 of [12]). Let t be a positive odd
integer, and let Q � 6t be prime. If j is a positive integer, then there are infinitely
many nonnested arithmetic progressions An + B such that for every 0 ≤ r < t we
have

N (r, t; An + B) ≡ 0(mod Q j ).

Two remarks.
(1) Theorem 3.6 provides a combinatorial decomposition of the partition function

congruence
p(An + B) ≡ 0(mod Q j ).

(2) By “nonnested,” we mean that there are infinitely many arithmetic progressions
An + B, with 0 ≤ B < A, with the property that there are no progressions that
contain another progression.

Unlike Dyson’s original conjectures for the congruences with modulus 5 and 7,
and the work of Mahlburg [24], Theorem 3.6 says nothing about those primes Q ≥ 5
that may divide t . It is nearly certain that this is a consequence of a nonoptimal proof.
There is good reason to suspect the truth of the following conjecture.

Conjecture. Theorem 3.6 holds for those primes Q ≥ 5 that divide t .

Sketch of the proof of Theorem 3.6. The proof depends on Theorem 3.5, the obser-
vation that certain “sieved” partition rank-generating functions are weakly holomor-
phic modular forms. In short, this result reduces the proof of Theorem 3.6 to the fact
that any finite number of half-integral-weight cusp forms with integer coefficients are
annihilated, modulo a fixed prime power, by a positive proportion of half-integral-
weight Hecke operators.

To be precise, suppose that f1(z), f2(z), . . . , fs(z) are half-integral-weight cusp
forms, where

fi (z) ∈ S
λi + 1

2
(�1(4Ni )) ∩ OK [[q]],
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and where OK is the ring of integers of a fixed number field K . If Q is prime and
j ≥ 1 is an integer, then the set of primes L for which

fi (z) | Tλi (L2) ≡ 0(mod Q j ), (3.26)

for each 1 ≤ i ≤ s, has positive Frobenius density. Here Tλi (L2) denotes the usual
L2 index Hecke operator of weight λi + 1

2 .
Suppose that P � 6t Q is prime. By Theorem 3.5, for every 0 ≤ r < t ,

F(r, t,P; z) =
∞∑

n=1

a(r, t,P; n)qn

:=
∑

(24�t n−�t
P )=−(−24�̃t

P )

(
N (r, t; n) − p(n)

t

)
q�t n− �t

24 (3.27)

is a weakly holomorphic modular form of weight 1/2 on �1(144 f 2
t �̃tP4). Further-

more, by the work of Ahlgren and the author [2], it follows that

P(t,P; z) =
∞∑

n=1

p(t,P; n)qn :=
∑

(24�t n−�t
P )=−(−24�̃t

P )

p(n)q�t n− �t
24 (3.28)

is a weakly holomorphic modular form of weight −1/2 on �1(576�̃tP4). In parti-
cular, all of these forms are modular with respect to �1(576 f 2

t �̃tP4).
Since Q � 576 f 2

t �̃tP4, a result of Treneer (see Theorem 3.1 of [32]), generalizing
earlier observations of Ahlgren and Ono [2, 25], implies that there is a sufficiently
large integer m for which ∑

Q�n

a(r, t,P; Qmn)qn,

for all 0 ≤ r < t , and ∑

Q�n

p(t,P; Qmn)qn

are all congruent modulo Q j to forms in the graded ring of half-integral-weight cusp
forms with algebraic integer coefficients on �1(576 f 2

t �̃tP4 Q2).
The system of simultaneous congruences (3.26), in the case of these forms, guar-

antees that a positive proportion of primes L have the property that these forms
modulo Q j are annihilated by the index-L2 half-integral-weight Hecke operators.
Theorem 3.6 now follows mutatis mutandis as in the proof of Theorem 1 of [25]. �

Two remarks.
(1) The simultaneous system (3.26) of congruences follows from a straightforward

generalization of a classical observation of Serre (see Section 6 of [30]).
(2) Treneer states her result for weakly holomorphic modular forms on �0(4N ) with

Nebentypus. We are using a straightforward extension of her result to �1(4N ).
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3.3 The Andrews–Dragonette Conjecture for f (q)

Rademacher famously employed the modularity of (1.1) to perfect the Hardy–
Ramanujan asymptotic formula

p(n) ∼ 1

4n
√

3
· eπ

√
2n/3 (3.29)

to obtain his exact formula for p(n). To state his formula, let Is(x) be the usual
I -Bessel function of order s. Furthermore, if k ≥ 1 and n are integers, then let

Ak(n) := 1

2

√
k

12

∑

x(mod 24k)

x2≡−24n+1(mod 24k)

χ12(x) · e
( x

12k

)
, (3.30)

where the sum runs over the residue classes modulo 24k, and where

χ12(x) :=
(

12

x

)
. (3.31)

If n is a positive integer, then one version of Rademacher’s formula reads [27]

p(n) = 2π(24n − 1)−
3
4

∞∑

k=1

Ak(n)

k
· I 3

2

(
π

√
24n − 1

6k

)
. (3.32)

If Ne(n) (respectively No(n)) denotes the number of partitions of n with even
(respectively odd) rank, then by letting w = −1 in (3.2) we obtain

1 +
∞∑

n=1

(Ne(n) − No(n))qn = 1 +
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
. (3.33)

In the spirit of Rademacher’s work, it is natural to seek exact formulas for Ne(n)

and No(n). In view of (3.32) and (3.33), since

p(n) = Ne(n) + No(n),

this question is equivalent to the problem of deriving exact formulas for the coeffi-
cients α(n) of the mock theta function

f (q) = 1 +
∞∑

n=1

α(n)qn := 1 +
∞∑

n=1

qn2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
. (3.34)

The problem of estimating the coefficients α(n) has a long history, one that even
precedes Dyson’s definition of partition ranks. Indeed, Ramanujan’s last letter to
Hardy already includes the claim that
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α(n) = (−1)n−1
exp

(
π

√
n
6 − 1

144

)

2
√

n − 1
24

+ O

⎛

⎜⎜⎝

exp

(
1
2π

√
n
6 − 1

144

)

√
n − 1

24

⎞

⎟⎟⎠ .

Typical of his writings, Ramanujan offered no proof of this claim. Dragonette proved
this claim in her 1951 Ph.D. thesis [16], and Andrews [3] subsequently improved
upon Dragonette’s work, and he proved3 that

α(n) = π(24n − 1)−
1
4

[
√

n ]∑

k=1

(−1)�
k+1

2 � A2k

(
n − k(1+(−1)k)

4

)

k
I 1

2

(
π

√
24n − 1

12k

)

+ O(nε). (3.35)

This result falls short of the problem of obtaining an exact formula for α(n).
In his plenary address “Partitions: At the interface of q-series and modular forms,”
delivered at the Millennial Number Theory Conference at the University of Illinois
in 2000, Andrews highlighted this classical problem by promoting his conjecture of
1966 (see page 456 of [3], and Section 5 of [5]) for the coefficients α(n).

Conjecture (Andrews–Dragonette). If n is a positive integer, then

α(n) = π(24n −1)−
1
4

∞∑

k=1

(−1)�
k+1

2 � A2k

(
n − k(1+(−1)k )

4

)

k
· I 1

2

(
π

√
24n −1

12k

)
.

(3.36)

Bringmann and the author have proved [11] the following theorem.

Theorem 3.7 (Bringmann–Ono, Theorem 1.1 of [11]). The Andrews–Dragonette
conjecture is true.

Sketch of the proof. By a more precise version of Theorem 3.1, which is easily
deduced from work of Zwegers [35], we have that D

( 1
2 ; z

)
is a weight 1/2 weak

Maass form on �0(144) with Nebentypus character χ12 = (12
·
)
. The idea behind

the proof is simple. We shall construct a Maass–Poincaré series that we shall show
equals D

( 1
2 ; z

)
. The proof of the conjecture then follows from the fact that the for-

mulas in the Andrews–Dragonette conjecture can be shown to give the coefficients
of this Maass–Poincaré series.

Suppose that k ∈ 1
2 + Z. We define a class of Poincaré series Pk(s; z). For

matrices
(

a b
c d

) ∈ �0(2), with c ≥ 0, define the character χ(·) by

χ

((
a b
c d

))
:=

⎧
⎨

⎩
e
(− b

24

)
if c = 0,

i−1/2(−1)
1
2 (c+ad+1)e

(
− a+d

24c − a
4 + 3dc

8

)
· ω−1

−d,c if c > 0.

(3.37)

3 This is a reformulation of Theorem 5.1 of [3] using the identity I 1
2
(z) =

(
2
π z

) 1
2 · sinh(z).
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Throughout, let z = x + iy, and for s ∈ C, k ∈ 1
2 + Z, and y ∈ R \ {0}, let

Ms(y) := |y|− k
2 M k

2 sgn(y), s− 1
2
(|y|), (3.38)

where Mν,μ(z) is the standard M-Whittaker function, which is a solution to the
differential equation

∂2u

∂z2
+
(

−1

4
+ ν

z
+

1
4 − μ2

z2

)
u = 0. (3.39)

Furthermore, let

ϕs,k(z) := Ms

(
−πy

6

)
e
(
− x

24

)
.

Using this notation, define the Poincaré series Pk(s; z) by

Pk(s; z) := 2√
π

∑

M∈�∞\�0(2)

χ(M)−1(cz + d)−kϕs,k(Mz). (3.40)

Here �∞ is the subgroup of translations in SL2(Z):

�∞ :=
{
±
(

1 n
0 1

)
: n ∈ Z

}
.

The defining series is absolutely convergent for Pk
(
1 − k

2 ; z
)

for k < 1/2, and
is conditionally convergent when k = 1/2. We are interested in P1

2

( 3
4 ; z

)
, which we

define by analytically continuing Fourier expansions. This argument is not straight-
forward (see Theorem 3.2 and Corollary 4.2 of [11]). Thanks to (3.39), as a result
we find that P1

2

( 3
4 ; 24z

)
is a weak Maass form of weight 1/2 for �0(144) with

Nebentypus χ12.
After a long calculation, one can show that this Maass–Poincaré series has the

Fourier expansion

P1
2

(
3

4
; z

)

=
(

1 − π− 1
2 · �

(
1

2
,
πy

6

))
· q− 1

24 +
0∑

n=−∞
γy(n)qn− 1

24 +
∞∑

n=1

β(n)qn− 1
24 ,

(3.41)

where for positive integers n we have

β(n) = π(24n −1)−
1
4

∞∑

k=1

(−1)�
k+1

2 � A2k

(
n − k(1+(−1)k)

4

)

k
· I 1

2

(
π

√
24n −1

12k

)
,

(3.42)
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and for nonpositive integers n we have

γy(n) = π
1
2 |24n − 1|− 1

4 · �

(
1

2
,
π |24n − 1| · y

6

)

×
∞∑

k=1

(−1)�
k+1

2 � A2k

(
n − k

(
1+(−1)k

)

4

)

k
· J 1

2

(
π

√|24n − 1|
12k

)
.

For convenience, we let

P(z) := P1
2

(
3

4
; 24z

)
. (3.43)

Canonically decompose P(z) into a nonholomorphic and a holomorphic part:

P(z) = Pnh(z) + Ph(z). (3.44)

In particular, we have that

Ph(z) = q−1 +
∞∑

n=1

β(n)q24n−1.

Since P(z) and D
( 1

2 ; z
)

are weak Maass forms of weight 1/2 for �0(144) with
Nebentypus χ12, (3.41) and (3.42) imply that the proof of the conjecture reduces to
proving that these forms are equal. First, one shows that

Pnh(z) = −S1

(
1

2
; z

)
. (3.45)

To establish this, we apply Proposition 2.1. One can show that ξ 1
2
(P(z)) is a holo-

morphic modular form of weight 3/2 on �0(144) with Nebentypus χ12. Using (3.41),
it can be shown that the nonzero coefficients of ξ 1

2
(P(z)) are supported on exponents

in the arithmetic progression 1 (mod 24). Now we apply ξ 1
2

to D
( 1

2 ; z
)
, and we find

that

ξ 1
2

(
D

(
1

2
; z

))
= 4ϑ(ψ; z) = 4

∞∑

n=1

ψ(n) n qn2
,

where

ψ(n) :=
{−1 if n ≡ 1(mod 6),

−1 if n ≡ 5(mod 6).

Obviously, its Fourier coefficients are also supported on exponents in the arithmetic
progression 1 (mod 24). Therefore, ξ 1

2
(P(z)) and ξ 1

2

(
D
( 1

2 ; z
))

are both holomorphic

modular forms of weight 3/2 on �0(144) with Nebentypus χ12. Using dimension
formulas for spaces of half-integral-weight modular forms and the Serre–Stark basis
theorem, it follows that

dimC(M1/2(�0(144), χ12)) = dimC(S1/2(�0(144), χ12)) = 0 (3.46)
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implies that
dimC

(
M3/2 (�0(144), χ12)

) = 24.

Since ξ 1
2
(P(z)), ξ 1

2

(
D
( 1

2 ; z
)) ∈ M3/2(�0(144), χ12) both have the property that

their Fourier coefficients are supported on exponents of the form 24n + 1 ≥ 1,
choose a constant c such that the coefficient of q , and hence all the coefficients up to
and including q24, of ξ 1

2
(P(z)) and c · ξ 1

2

(
D
( 1

2 ; z
))

agree. By dimensionality, this in

turn implies that ξ 1
2
(P(z)) = c · ξ 1

2

(
D
( 1

2 ; z
))

, and so we have that

Pnh(z) = −c · S1

(
1

2
; z

)
.

To establish that c = 1, let

E(z) := P(z) − c · D

(
1

2
; z

)
.

This function is a weakly holomorphic modular form of weight 1/2 on �0(144) with
Nebentypus χ12. By (3.35) and Corollary 4.2 of [11], it follows that

E(z) = Ph(z) − c · D

(
1

2
; z

)
= (1 − c)q−1 f (q24) +

∑

n≥0

A(n)q24n−1,

where |A(n)| = O
(
(24n − 1)

3
4 +ε

)
for positive integers n. By work of Zwegers [35],

applying the map z 
→ − 1
z returns a nonholomorphic contribution unless c = 1.

Since E(z) does not have a nonholomorphic component, it follows that c = 1, which
in turn proves that Pnh(z) = −S1

( 1
2 ; z

)
.

Hence it follows that

P(z) − D

(
1

2
; z

)
= Ph(z) − q−1 R(−1; q24)

= q−1 +
∞∑

n=1

β(n)q24n−1 − q−1 f (q24) =
∞∑

n=1

ν(n)q24n−1

is a weakly holomorphic modular form of weight 1/2 on �0(144) with Nebentypus
χ12. By (3.35) and Corollary 4.2 of [11] again, it can be shown that

|ν(n)| = O
(

n
3
4 +ε

)
.

Therefore, P(z) − D
( 1

2 ; z
)

is a holomorphic modular form. However, by (3.46), this
space is trivial, and so we find that P(z) − D

( 1
2 ; z

) = 0, which completes the proof.
�
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Summary. Transcendental numbers form a fascinating subject: so little is known about the
nature of analytic constants that more research is needed in this area. Even when one is
interested only in numbers like π and eπ that are related to the classical exponential func-
tion, it turns out that elliptic functions are required (so far, this should not last forever!) to
prove transcendence results and get a better understanding of the situation.

First we briefly recall some of the basic transcendence results related to the exponential
function (Section 1). Next, in Section 2, we survey the main properties of elliptic functions
that are involved in transcendence theory.

We survey transcendence theory of values of elliptic functions in Section 3, linear
independence in Section 4, and algebraic independence in Section 5. This splitting is some-
what artificial but convenient. Moreover, we restrict ourselves to elliptic functions, even when
many results are only special cases of statements valid for abelian functions. A number of
related topics are not considered here (e.g., heights, p-adic theory, theta functions, Diophantine
geometry on elliptic curves).
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1 Exponential Function and Transcendence

We start with a very brief list of some of the main transcendence results concerning
numbers related to the exponential function. References are, for instance, [13, 83,
89, 120, 192, 207, 211, 233].

Next, we point out some properties of the exponential function, the elliptic
analogue of which we shall consider later (Section 2.1).

1.1 Short Survey on the Transcendence of Numbers Related to the
Exponential Function

Hermite, Lindemann, and Weierstrass

The first transcendence result for a number related to the exponential function is
Hermite’s theorem on the transcendence of e.

Theorem 1 (Hermite, 1873). The number e is transcendental.

This means that for any nonzero polynomial P ∈ Z[X ], the number P(e) is not
zero. We denote by Q the set of algebraic numbers. Hence Hermite’s theorem can be
written e �∈ Q. A complex number is called transcendental if it is transcendental over
Q, or over Q, which is the same. Also we shall say that complex numbers θ1, . . . , θn

are algebraically independent if they are algebraically independent over Q, which is
the same as over Q: for any nonzero polynomial P in n variables (and coefficients in
Z, Q, or Q), the number P(θ1, . . . , θn) is not zero.

The second result in chronological order is Lindemann’s theorem on the
transcendence of π .

Theorem 2 (Lindemann, 1882). The number π is transcendental.

The next result contains the transcendence of both numbers e and π :

Theorem 3 (Hermite–Lindemann, 1882). For α ∈ Q
×

, any nonzero logarithm
log α of α is transcendental.

We denote by L the Q-vector space of logarithms of algebraic numbers:

L = {
log α ; α ∈ Q

×} = {
� ∈ C ; e� ∈ Q

×} = exp−1(Q
×
).

Hence Theorem 3 means that L ∩ Q = {0}. An alternative form is the following:

Theorem 4 (Hermite–Lindemann, 1882). For any β ∈ Q
×

, the number eβ is tran-
scendental.

The first result of algebraic independence for the values of the exponential func-
tion goes back to the end of the nineteenth century.
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Theorem 5 (Lindemann–Weierstrass, 1885). Let β1, . . . , βn be Q-linearly
independent algebraic numbers. Then the numbers eβ1 , . . . , eβn are algebraically
independent.

Again, there is an alternative form of Theorem 5: it amounts to a statement of
linear independence.

Theorem 6 (Lindemann–Weierstrass, 1885). Let γ1, . . . , γm be distinct algebraic
numbers. Then the numbers eγ1 , . . . , eγm are linearly independent over Q.

It is not difficult to check that Theorem 6 is equivalent to Theorem 5 with the
conclusion that eβ1 , . . . , eβn are algebraically independent over Q; since it is equi-
valent to saying that eβ1 , . . . , eβn are algebraically independent over Q, one does not
lose anything if one changes the conclusion of Theorem 6 by stating that the numbers
eγ1 , . . . , eγm are linearly independent over Q.

Hilbert’s Seventh Problem, Gel’fond and Schneider

The solution of Hilbert’s seventh problem on the transcendence of αβ was obtained
by Gel’fond and Schneider in 1934 (see [89, 207]).

Theorem 7 (Gel’fond–Schneider, 1934). For α and β algebraic numbers with
α �= 0 and β �∈ Q and for any choice of log α �= 0, the number αβ = exp(β log α) is
transcendental.

This means that the two algebraically independent functions ez and eβz cannot
take algebraic values at the points log α (A.O. Gel’fond) and also that the two alge-
braically independent functions z and αz = ez log α cannot take algebraic values at
the points m + nβ with (m, n) ∈ Z

2 (Th. Schneider).
Examples (quoted by D. Hilbert in 1900) of numbers whose transcendence

follows from Theorem 7 are 2
√

2 and eπ (recall that eiπ = −1). The transcendence
of eπ had already been proved in 1929 by A.O. Gel’fond.

Here is an equivalent statement to Theorem 7:

Theorem 8 (Gel’fond–Schneider, 1934). Let log α1, log α2 be two nonzero
logarithms of algebraic numbers. Assume that the quotient (log α1)/(log α2) is
irrational. Then this quotient is transcendental.

Linear Independence of Logarithms of Algebraic Numbers

The generalization of Theorem 8 to more than two logarithms, conjectured by
A.O. Gel’fond [89], was proved by A. Baker in 1966. His results include not only
Theorem 8 but also Theorem 3.

Theorem 9 (Baker, 1966). Let log α1, . . . , log αn be Q-linearly independent
logarithms of algebraic numbers. Then the numbers 1, log α1, . . . , log αn are linearly
independent over the field Q.
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The Six Exponentials Theorem and the Four Exponentials Conjecture

The next result, which does not follow from any of the previously mentioned results,
was proved independently in the 1940s by C.L. Siegel (unpublished) and in the 1960s
by S. Lang and K. Ramachandra (see [120, 191, 238]; see also Problem 1 in [207]
for the four exponentials conjecture). As suggested by K. Ramachandra (see [192]
Section 3.1, Theorem 2), Theorem 10 also follows from Schneider’s criterion proved
in 1949 [206].

Theorem 10 (Six Exponentials Theorem). Let x1, . . . , xd be Q-linearly indepen-
dent complex numbers and let y1, . . . , y� be Q-linearly independent complex
numbers. Assume �d > � + d. Then at least one of the �d numbers

exi y j (1 ≤ i ≤ d, 1 ≤ j ≤ �)

is transcendental.

Notice that the condition �d > � + d can be written (� ≥ 2 and d ≥ 3) or (� ≥ 3
and d ≥ 2); it suffices to consider the case �d = 6 (hence the name of the result).
Therefore, Theorem 10 can be stated in an equivalent form:

Theorem 11 (Six Exponentials Theorem—logarithmic form). Let

M =
(

log α1 log α2 log α3

log β1 log β2 log β3

)

be a 2-by-3 matrix whose entries are logarithms of algebraic numbers. Assume that
the three columns are linearly independent over Q and the two rows are also linearly
independent over Q. Then the matrix M has rank 2.

It is expected that the condition d� > d + � in Theorem 10 is too restrictive and
that the same conclusion holds in the case d = � = 2. We state this conjecture in the
logarithmic form:

Conjecture 12 (Four exponentials conjecture — logarithmic form). Let

M =
(

log α1 log α2

log β1 log β2

)

be a 2-by-2 matrix whose entries are logarithms of algebraic numbers. Assume that
the two columns are linearly independent over Q and that the two rows are also
linearly independent over Q. Then the matrix M has rank 2.

Algebraic Independence

In 1948 and 1949, A.O. Gel’fond extended his solution of Hilbert’s seventh problem
to a result of algebraic independence [89]. One of his theorems is that the two
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numbers 2
3√2 and 2

3√4 are algebraically independent. His general statements can
be seen as extensions of Theorem 10 into a result of algebraic independence (in
spite of the fact that Theorem 10 was stated and proved only several years later).
In his original work, Gel’fond needed a stronger assumption, namely a measure of
linear independence of the xi ’s as well as of the y j ’s. This assumption was removed
in the early 1970s by R. Tijdeman [217] (further references, especially to papers by
A.A. Smelev and W.D. Brownawell, are given in [230]; see also [35, 235, 236, 242]).

Theorem 13. Let x1, . . . , xd be Q-linearly independent complex numbers and let
y1, . . . , y� be Q-linearly independent complex numbers.
1. If d� ≥ 2(d + �), then at least two of the d� numbers

exi y j (1 ≤ i ≤ d, 1 ≤ j ≤ �)

are algebraically independent.
2. If d� ≥ d + 2�, then at least two of the d� + d numbers

xi , exi y j (1 ≤ i ≤ d, 1 ≤ j ≤ �)

are algebraically independent.
3. If d� > d + �, then at least two of the d� + d + � numbers

xi , y j , exi y j (1 ≤ i ≤ d, 1 ≤ j ≤ �)

are algebraically independent.
4. If d = � = 2 and if the two numbers ex1 y1 and ex1 y2 are algebraic, then at least
two of the six numbers

x1, x2, y1, y2, ex2 y1, ex2 y2

are algebraically independent.

From the last part of Theorem 13, taking x1 = y1 = iπ and x2 = y2 = 1, one
deduces that at least one of the two following statements is true:
(i) The number eπ2

is transcendental.
(ii) The two numbers e and π are algebraically independent.

One expects that both statements are true.
If it were possible to prove that under the assumptions of Theorem 13, at least

two of the eight numbers

x1, x2, y1, y2, ex1 y1, ex1 y2, ex2 y1, ex2 y2

are algebraically independent, one would deduce the algebraic independence of the
two numbers π and eπ (take x1 = 1, x2 = i , y1 = π , y2 = iπ ; see Corollary 48
below).

For results concerning large transcendence degree, see Section 5.3 below.
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1.2 The Exponential Function

The exponential function
exp : C → C

×,

z �→ ez,

satisfies both a differential equation and an addition formula:

d

dz
ez = ez, ez1+z2 = ez1 ez2 .

It is a homomorphism of the additive group C of complex numbers onto the multi-
plicative group C

× of nonzero complex numbers, with kernel

ker exp = 2π iZ.

Hence it yields an isomorphism between the quotient additive group C/2π iZ and
the multiplicative group C

×.
The group C

× is the group of complex points of the multiplicative group Gm ;
z �→ ez is the exponential function of the multiplicative group Gm . We shall replace
this algebraic group by an elliptic curve. We could replace it also by other commu-
tative algebraic groups. As a first example, the exponential function of the additive
group Ga is

C → C,

z �→ z.

More general examples are commutative linear algebraic groups; over an alge-
braically closed field, these are nothing else than products of several copies of the
additive and multiplicative group. Further examples of algebraic groups are abelian
varieties. In full generality, algebraic groups are extensions of abelian varieties by
commutative linear algebraic groups. See, for instance, [120, 158, 233].

2 Elliptic Curves and Elliptic Functions

Among many references for this section are the books by S. Lang [127],
K. Chandrasekharan [43], and J. Silverman [212, 213]. See also the book by
M. Hindry and J. Silverman [99].

2.1 Basic Concepts

An elliptic curve may be defined as

– y2 = C(x) for a square-free cubic polynomial C(x),
– a connected compact Lie group of dimension 1,
– a complex torus C/�, where � is a lattice in C,
– a Riemann surface of genus 1,



7 Elliptic Functions and Transcendence 149

– a nonsingular cubic in P2(C) (together with a point at infinity),
– an algebraic group of dimension 1, with underlying projective algebraic variety.

We shall use the Weierstrass form

E = {(t : x : y) ; y2t = 4x3 − g2xt2 − g3t3} ⊂ P2.

Here g2 and g3 are complex numbers, with the only assumption g3
2 �= 27g2

3,
which means that the discriminant of the polynomial 4X3 − g2 X − g3 does not
vanish.

An analytic parametrization of the complex points E(C) of E is given by means
of the Weierstrass elliptic function ℘, which satisfies the differential equation

℘′2 = 4℘3 − g2℘ − g3. (1)

It has a double pole at the origin with principal part 1/z2 and also satisfies an addition
formula

℘(z1 + z2) = −℘(z1) − ℘(z2) + 1

4
·
(

℘′(z1) − ℘′(z2)

℘ (z1) − ℘(z2)

)2

. (2)

The exponential map of the Lie group E(C) is

expE : C → E(C),

z �→ (1 : ℘(z) : ℘′(z)).

The kernel of this map is a lattice in C (that is, a discrete rank-2 subgroup),

� = ker expE = {ω ∈ C ; ℘(z + ω) = ℘(z)} = Zω1 + Zω2.

Hence expE induces an isomorphism between the quotient additive group C/� and
E(C) with the law given by (2). The elements of � are the periods of ℘. A pair
(ω1, ω2) of fundamental periods is given by (cf. [244] Section 20.32, Example 1)

ωi = 2
∫ ∞

ei

dx√
4x3 − g2x − g3

(i = 1, 2),

where
4x3 − g2x − g3 = 4(x − e1)(x − e2)(x − e3).

Indeed, since ℘′ is periodic and odd, it vanishes at ω1/2, ω2/2 and (ω1 + ω2)/2;
hence the values of ℘ at these points are the three distinct complex numbers e1, e2,
and e3 (recall that the discriminant of 4x3 − g2x − g3 is not 0).

Conversely, given a lattice �, there is a unique Weierstrass elliptic function ℘�

whose period lattice is � (see Section 2.5). We denote its invariants in the differential
equation (1) by g2(�) and g3(�).

We shall be interested mainly (but not only) in elliptic curves that are defined
over the field of algebraic numbers: they have a Weierstrass equation with algebraic
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g2 and g3. However, we shall also use the Weierstrass elliptic function associated
with the lattice λ�, where λ ∈ C

× may be transcendental; the relations are

℘λ�(λz) = λ−2℘�(z), g2(λ�) = λ−4g2(�), g3(λ�) = λ−6g3(�). (3)

The lattice � = Z + Zτ , where τ is a complex number with positive imaginary
part, satisfies

g2(Z + Zτ) = 60G2(τ ) and g3(Z + Zτ) = 140G3(τ ),

where Gk(τ ) (with k ≥ 2) are the Eisenstein series (see, for instance, [48]
Section 3.2, [208] Section 7.2.3, [116] Section 3.2 or [212] Section 6.3 — the
normalization in [254] p. 240 is different):

Gk(τ ) =
∑

(m,n)∈Z2\{(0,0)}
(m + nτ)−2k . (4)

2.2 Morphisms between Elliptic Curves. The Modular Invariant

If � and �′ are two lattices in C and if f : C/� → C/�′ is an analytic homo-
morphism, then the map C → C/� → C/�′ factors through a homothecy C → C

given by some λ ∈ C such that λ� ⊂ �′:

C
λ−−−−→ C

↓ ↓
C/� −−−−→

f
C/�′

If f �= 0, then λ ∈ C
× and f is surjective.

Conversely, if there exists λ ∈ C such that λ� ⊂ �′, then fλ(x + �) = λx + �′
defines an analytic surjective homomorphism fλ : C/� → C/�′. In this case λ�

is a subgroup of finite index in �′; hence the kernel of fλ is finite and there exists
μ ∈ C

× with μ�′ ⊂ �: the two elliptic curves C/� and C/�′ are isogenous.
If � and �∗ are two lattices, ℘ and ℘∗ the associated Weierstrass elliptic func-

tions, and g2, g3 the invariants of ℘, the following statements are equivalent:

(i) There is a 2×2 matrix with rational coefficients that maps a basis of � to a basis
of �∗.

(ii) There exists λ ∈ Q
× such that λ� ⊂ �∗.

(iii) There exists λ ∈ Z \ {0} such that λ� ⊂ �∗.
(iv) The two functions ℘ and ℘∗ are algebraically dependent over the field Q(g2, g3).
(v) The two functions ℘ and ℘∗ are algebraically dependent over C.

The map fλ is an isomorphism if and only if λ� = �′.
The number

j = 1728g3
2

g3
2 − 27g2

3
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is the modular invariant of the elliptic curve E . Two elliptic curves over C are
isomorphic if and only if they have the same modular invariant.

Set τ = ω2/ω1, q = e2π iτ and J (e2π iτ ) = j (τ ). Then

J (q) = q−1

(
1 + 240

∞∑

m=1

m3 qm

1 − qm

)3 ∞∏

n=1

(1 − qn)−24

= 1

q
+ 744 + 196884 q + 21493760 q2 + · · · .

See [142] Section 4.12 or [208] Sections 7.3.3 and 7.4.

2.3 Endomorphisms of an Elliptic Curve; Complex Multiplication

Let � be a lattice in C. The set of analytic endomorphisms of C/� is the subring

End(C/�) = { fλ ; λ ∈ C with λ� ⊂ �}
of C. We also call it the ring of endomorphisms of the associated elliptic curve, or of
the corresponding Weierstrass ℘ function, and we identify it with the subring

{λ ∈ C ; λ� ⊂ �}
of C. The field of endomorphisms is the quotient field End(C/�) ⊗Z Q of this ring.

If λ ∈ C satisfies λ� ⊂ �, then λ is either a rational integer or an algebraic
integer in an imaginary quadratic field. For such a λ, ℘�(λz) is a rational function
of ℘�(z); the degree of the numerator is λ2 if λ ∈ Z and N (λ) otherwise (here, N is
the norm of the imaginary quadratic field); the degree of the denominator is λ2 − 1
if λ ∈ Z and N (λ) − 1 otherwise.

Let E be the elliptic curve attached to the Weierstrass ℘ function. The ring of
endomorphisms End(E) of E is either Z or an order in an imaginary quadratic field
k. The latter case arises if and only if the quotient τ = ω2/ω1 of a pair of fundamental
periods is a quadratic number; in this case the field of endomorphisms of E is k =
Q(τ ) and the curve E has complex multiplication; this is the so-called CM case. This
means also that the two functions ℘(z) and ℘(τ z) are algebraically dependent. In
this case, the value j (τ ) of the modular invariant j is an algebraic integer whose
degree is the class number of the quadratic field k = Q(τ ).

Remark 14. From Theorem 7 one deduces the transcendence of the number

eπ
√

163 = 262 537 412 640 768 743.999 999 999 999 250 072 59 . . . .

If we set

τ = 1 + i
√

163

2
, q = e2π iτ = −e−π

√
163,

then the class number of the imaginary quadratic field Q(τ ) is 1, we have j (τ ) =
−(640 320)3, and
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∣∣∣∣ j (τ ) − 1

q
− 744

∣∣∣∣ < 10−12.

Also ([57] Section 2.4)
(

eπ
√

163 − 744
)1/3 = 640 319.999 999 999 999 999 999 999 999 390 31 . . . .

Let ℘ be a Weierstrass elliptic function with field of endomorphisms k. Hence
k = Q if the associated elliptic curve has no complex multiplication, while in
the other case k is an imaginary quadratic field, namely k = Q(τ ), where τ is
the quotient of two linearly independent periods of ℘. Let u1, . . . , ud be nonzero
complex numbers. Then the functions ℘(u1z), . . . , ℘ (ud z) are algebraically inde-
pendent (over C or over Q(g2, g3); this is equivalent) if and only if the numbers
u1, . . . , ud are linearly independent over k. This generalizes the fact that ℘(z) and
℘(τ z) are algebraically dependent if and only if the elliptic curve has complex
multiplication. Much more general and deeper results of algebraic independence of
functions (exponential and elliptic functions, zeta functions, . . . ) were proved by
W.D. Brownawell and K.K. Kubota [37].

If ℘ is a Weierstrass elliptic function with algebraic invariants g2 and g3, if E is
the associated elliptic curve, and if k denotes its field of endomorphisms, then the set

LE = � ∪ {
u ∈ C \ � ; ℘(u) ∈ Q}

is a k-vector subspace of C: this is the set of elliptic logarithms of algebraic points
on E . It plays a role with respect to E similar to the role of L for the multiplicative
group Gm .

Let k = Q(
√−d) be an imaginary quadratic field with class number h(−d) = h.

There are h nonisomorphic elliptic curves E1, . . . , Eh with ring of endomorphisms
the ring of integers of k. The numbers j (Ei ) are conjugate algebraic integers of
degree h; each of them generates the Hilbert class field H of k (maximal unramified
abelian extension of k). The Galois group of H/k is isomorphic to the ideal class
group of k.

Since the group of roots of units of an imaginary quadratic field is {−1,+1}
except for Q(i) and Q(
), where 
 = e2π i/3, it follows that there are exactly two
elliptic curves over Q (up to isomorphism) having an automorphism group bigger
than {−1,+1}. They correspond to Weierstrass elliptic functions ℘ for which there
exists a complex number λ �= ±1 with λ2℘(λz) = ℘(z).

The first one has g3 = 0 and j = 1728. An explicit value for a pair of funda-
mental periods of the elliptic curve

y2t = 4x3 − 4xt2

follows from computations by Legendre using Gauss’s lemniscate function ([244]
Section 22.8) and yields (see [4], as well as Appendix 1 of [241])

ω1 =
∫ ∞

1

dx√
x3 − x

= 1

2
B(1/4, 1/2) = �(1/4)2

23/2π1/2
and ω2 = iω1. (5)
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The lattice Z[i] has g2 = 4ω4
1. Thus

∑

(m,n)∈Z2\{(0,0)}
(m + ni)−4 = �(1/4)8

26 · 3 · 5 · π2
·

The second one has g2 = 0 and j = 0. Again from computations by Legendre ([244]
Section 22.81 II) one deduces that a pair of fundamental periods of the elliptic curve

y2t = 4x3 − 4t3

is (see once more [4] and Appendix 1 of [241])

ω1 =
∫ ∞

1

dx√
x3 − 1

= 1

3
B(1/6, 1/2) = �(1/3)3

24/3π
and ω2 = 
ω1. (6)

The lattice Z[
] has g3 = 4ω6
1. Thus

∑

(m,n)∈Z2\{(0,0)}
(m + n
)−6 = �(1/3)18

28 · 5 · 7 · π6
·

These two examples involve special values of Euler’s gamma function

�(z) =
∫ ∞

0
e−t t z · dt

t
= e−γ z z−1

∞∏

n=1

(
1 + z

n

)−1
ez/n, (7)

where

γ = lim
n→∞

(
n∑

k=1

1

k
− log n

)
= 0.577 215 664 901 532 860 606 512 09 . . .

is Euler’s constant (Section 12.1 in [244]), while Euler’s beta function is

B(a, b) = �(a)�(b)

�(a + b)
=

∫ 1

0
xa−1(1 − x)b−1dx .

More generally, the formula of Chowla and Selberg (1966) [44] (see also [9, 95, 96,
115, 117, 234] for related results) expresses periods of elliptic curves with complex
multiplication as products of gamma values: if k is an imaginary quadratic field and
O an order in k, if E is an elliptic curve with complex multiplication by O, then the
corresponding lattice � determines a vector space � ⊗Z Q that is invariant under
the action of k and thus has the form k · ω for some ω ∈ C

× defined up to elements
in k×. In particular, if O is the ring of integers Zk of k, then

ω = α
√

π
∏

0<a<d
(a,d)=1

�(a/d)wε(a)/4h,

where α is a nonzero algebraic number, w is the number of roots of unity in k, h is
the class number of k, and ε is the Dirichlet character modulo the discriminant d
of k.
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2.4 Standard Relations among Gamma Values

Euler’s gamma function satisfies the following relations ([244] Chapter XII):
(Translation)

�(z + 1) = z�(z);

(Reflection)

�(z)�(1 − z) = π

sin(π z)
;

(Multiplication) For any positive integer n,

n−1∏

k=0

�

(
z + k

n

)
= (2π)(n−1)/2n−nz+(1/2)�(nz).

D. Rohrlich conjectured that any multiplicative relation among gamma values is a
consequence of these standard relations, while S. Lang was more optimistic (see
[125], [128] I Chapter 2 Appendix p. 66 and [9] Chapter 24):

Conjecture 15 (D. Rohrlich). Any multiplicative relation

πb/2
∏

a∈Q

�(a)ma ∈ Q

with b and ma in Z is a consequence of the standard relations.

Conjecture 16 (S. Lang). Any algebraic dependence relation with algebraic coeffi-
cients among the numbers (2π)−1/2�(a) with a ∈ Q is in the ideal generated by the
standard relations.

2.5 Quasiperiods of Elliptic Curves and Elliptic Integrals of the Second Kind

Let � = Zω1 + Zω2 be a lattice in C. The Weierstrass canonical product attached
to this lattice is the entire function σ� defined by ([244] Section 20.42)

σ�(z) = z
∏

ω∈�\{0}

(
1 − z

ω

)
e

z
ω

+ z2

2ω2 ·

It has a simple zero at any point of �.
Hence the Weierstrass sigma function plays, for the lattice �, the role that is

played by the function

z
∏

n≥1

(
1 − z

n

)
ez/n = −eγ z�(−z)−1

for the set of positive integers N \ {0} = {1, 2, . . . } (see the infinite product (7) for
Euler’s gamma function), and also by the function
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π−1 sin(π z) = z
∏

n∈Z\{0}

(
1 − z

n

)
ez/n

for the set Z of rational integers ([43] Section 4.2).
The Weierstrass sigma function σ associated with a lattice in C is an entire

function of order 2:

lim sup
r→∞

1

log r
· log log sup

|z|=r
|σ(z)| = 2;

the product σ 2℘ is also an entire function of order 2 (this can be checked using
infinite products, but it is easier to use the quasiperiodicity of σ , see formula (8)
below).

The logarithmic derivative of the sigma function is the Weierstrass zeta func-
tion ζ = σ ′/σ whose Laurent expansion at the origin is ([127] Section 18.3, [208]
Section 7.2.3 and [212] Section 6.3, Theorem 3.5)

ζ(z) = 1

z
−

∑

k≥2

sk z2k−1,

where for k ∈ Z, k ≥ 2,

sk = sk(�) =
∑

ω∈�
ω �=0

ω−2k = ω−2k
1 Gk(τ )

(recall (4); also τ = ω2/ω1).
The derivative of ζ is −℘. From

℘′′ = 6℘2 − (g2/2)

one deduces that sk(�) is a homogeneous polynomial in Q[g2, g3] of weight 2k for
the graduation of Q[g2, g3] determined by assigning to g2 the degree 4 and to g3 the
degree 6.

As a side remark, we notice that for any u ∈ C \ � we have

Q(g2, g3) ⊂ Q
(
℘(u), ℘′(u), ℘′′(u)

)
.

Since its derivative is periodic, the function ζ is quasiperiodic: for each ω ∈ � there
is a complex number η = η(ω) such that

ζ(z + ω) = ζ(z) + η.

These numbers η are the quasiperiods of the elliptic curve. If (ω1, ω2) is a pair of
fundamental periods and if we set η1 = η(ω1) and η2 = η(ω2), then, for (a, b) ∈ Z

2,

η(aω1 + bω2) = aη1 + bη2.
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Returning to the sigma function, one deduces that

σ(z + ωi ) = −σ(z) exp(ηi (z + (ωi/2))) (i = 1, 2). (8)

The zeta function also satisfies an addition formula:

ζ(z1 + z2) = ζ(z1) + ζ(z2) + 1

2
· ℘′(z1) − ℘′(z2)

℘ (z1) − ℘(z2)
·

The Legendre relation relating the periods and the quasiperiods

ω2η1 − ω1η2 = 2π i,

when ω2/ω1 has positive imaginary part, can be obtained by integrating ζ(z) along
the boundary of a fundamental parallelogram ([43] Section 4.2, [124] Section 1.6,
[244] Section 20.411).

In the case of complex multiplication, if τ is the quotient of a pair of fundamental
periods of ℘, then the function ζ(τ z) is algebraic over the field Q(g2, g3, z, ℘ (z),
ζ(z)).

Examples ([4, 241]). For the curve y2t = 4x3 − 4xt2, the quasiperiods attached to
the above-mentioned pair of fundamental periods (5) are

η1 = π

ω1
= (2π)3/2

�(1/4)2
, η2 = −iη1; (9)

it follows that the fields Q(ω1, ω2, η1, η2) and Q
(
π, �(1/4)

)
have the same algebraic

closure over Q, hence the same transcendence degree. For the curve y2t = 4x3 −4t3

with periods (6), they are

η1 = 2π√
3ω1

= 27/3π2

31/2�(1/3)3
, η2 = 
2η1. (10)

In this case the fields Q(ω1, ω2, η1, η2) and Q
(
π, �(1/3)

)
have the same algebraic

closure over Q, hence the same transcendence degree.

2.6 Elliptic Integrals

Let
E = {(t : x : y) ∈ P2; y2t = 4x3 − g2xt2 − g3t3}

be an elliptic curve. The field of rational (meromorphic) functions on E over C is
C(E) = C(℘,℘′) = C(x, y), where x and y are related by the cubic equation
y2 = 4x3 − g2x − g3. Under the isomorphism C/� → E(C) given by (1 : ℘ : ℘′),
the differential form dz is mapped to dx/y. The holomorphic differential forms on
C/� are λ dz with λ ∈ C.
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The differential form dζ = ζ ′/ζ is mapped to −x dx/y. The differential forms
of the second kind on E(C) are a dz+b dζ +dχ , where a and b are complex numbers
and χ ∈ C(x, y) is a meromorphic function on E .

Assume that the elliptic curve E is defined over Q: the invariants g2 and g3 are
algebraic. We shall be interested in differential forms defined over Q. Those of the
second kind are a dz + b dζ + dχ , where a and b are algebraic numbers and χ ∈
Q(x, y).

An elliptic integral (see [244] Section 22.7; see also [43] Section 1.4 and [212]
Section 6.1) is an integral ∫

R(x, y)dx,

where R is a rational function of x and y, while y2 is a polynomial in x of degree
3 or 4 without multiple roots, with the proviso that the integral cannot be integrated
by means of elementary functions. One may transform this integral as follows: one
reduces it to an integral of dx/

√
P(x), where P is a polynomial of third or fourth

degree; in case P has degree 4, one replaces it with a degree-3 polynomial by sending
one root to infinity; finally, one reduces it to a Weierstrass equation by means of a
birational transformation. The value of the integral is not modified.

For transcendence purposes, if the initial differential form is defined over Q, then
all these transformations involve only algebraic numbers.

We refer to Section 22.7 of [244] for the definition of elliptic integrals of the first,
second, and third kinds.

3 Transcendence Results of Numbers Related to Elliptic
Functions

3.1 Elliptic Analogue of Lindemann’s Theorem on the Transcendence of π and
the Hermite–Lindemann Theorem on the Transcendence of log α

The first transcendence result on periods of elliptic functions was proved by
C.L. Siegel [210] as early as 1932.

Theorem 17 (Siegel, 1932). Let ℘ be a Weierstrass elliptic function with period
lattice Zω1 + Zω2. Assume that the invariants g2 and g3 of ℘ are algebraic. Then at
least one of the two numbers ω1, ω2 is transcendental.

One main feature of Siegel’s proof is that he used Dirichlet’s box principle (the
so-called Thue–Siegel lemma, which is included in his 1929 paper) to construct an
auxiliary function. This idea turned out to be of fundamental importance for the
solution of Hilbert’s seventh problem by Gel’fond and Schneider two years later.

In the case of complex multiplication, it follows from Theorem 17 that any
nonzero period of ℘ is transcendental.

From formulas (5) and (6) it follows as a consequence of Siegel’s 1932 result
[210] that both numbers �(1/4)4/π and �(1/3)3/π are transcendental.
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Other consequences of Siegel’s result concern the transcendence of the length of
an arc of an ellipse [207, 211]:

2
∫ b

−b

√

1 + a2x2

b4 − b2x2
dx

for algebraic a and b, as well as the transcendence of an arc of the lemniscate
(x2 + y2)2 = 2a2(x2 − y2) with a algebraic.

A further example of application of Siegel’s theorem [211] is the transcendence
of values of hypergeometric series related to elliptic integrals

K (z) =
∫ 1

0

dx√
(1 − x2)(1 − z2x2)

= π

2
· 2 F1(1/2, 1/2 ; 1

∣∣ z2),

where 2 F1 denotes the Gauss hypergeometric series

2 F1
(
a, b ; c

∣∣ z
) =

∞∑

n=0

(a)n(b)n

(c)n
· zn

n!

with (a)n = a(a + 1) · · · (a + n − 1).
Further results on this topic were obtained by Th. Schneider [203] in 1934 and

in joint work by K. Mahler and J. Popken [190] in 1935 using Siegel’s method.
These results were superseded by Th. Schneider’s fundamental memoir [204] in
1936 in which he proved a number of definitive results on the subject, including the
following:

Theorem 18 (Schneider, 1936). Assume that the invariants g2 and g3 of ℘ are
algebraic. Then for any nonzero period ω of ℘, the numbers ω and η(ω) are
transcendental.

It follows from Theorem 18 that any nonzero period of an elliptic integral of the
first or second kind is transcendental:

Corollary 19. Let E be an elliptic curve over Q, p1 and p2 two algebraic points on
E(Q), w a differential form of the first or second kind on E that is defined over Q,
holomorphic at p1 and p2, and is not the differential of a rational function. Let γ be
a path on E from p1 to p2. In case p1 = p2 one assumes that γ is not homologous
to 0. Then the number ∫

γ

w

is transcendental.

Examples. Using Corollary 19 and formulas (9) and (10), one deduces that the
numbers

�(1/4)4/π3 and �(1/3)3/π2

are transcendental.
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The main results of Schneider’s 1936 paper [204] are as follows (see also [207]):

Theorem 20 (Schneider, 1936).
1. Let ℘ be a Weierstrass elliptic function with algebraic invariants g2, g3. Let β be a

nonzero algebraic number. Then β is not a pole of ℘ and ℘(β) is transcendental.
More generally, if a and b are two algebraic numbers with (a, b) �= (0, 0), then for
any u ∈ C\� at least one of the two numbers ℘(u), au+bζ(u) is transcendental.

2. Let ℘ and ℘∗ be two algebraically independent elliptic functions with algebraic
invariants g2, g3, g∗

2 , g∗
3 . If t ∈ C is not a pole of ℘ or of ℘∗, then at least one of

the two numbers ℘(t) and ℘∗(t) is transcendental.
3. Let ℘ be a Weierstrass elliptic function with algebraic invariants g2, g3. Then for

any t ∈ C \ �, at least one of the two numbers ℘(t), et is transcendental.

It follows from Theorem 20.2 that the quotient of an elliptic integral of the first
kind (between algebraic points) by a nonzero period is either in the field of endo-
morphisms (hence a rational number, or a quadratic number in the field of complex
multiplication), or a transcendental number.

Here is another important consequence of Theorem 20.2.

Corollary 21 (Schneider, 1936). Let τ ∈ H be a complex number in the upper half-
plane �m(τ ) > 0 such that j (τ ) is algebraic. Then τ is algebraic if and only if τ is
imaginary quadratic.

In this connection we quote Schneider’s second problem in [207], which is still
open (see Wakabayashi’s papers [226, 227, 228]):

Open Problem. Prove Corollary 21 without using elliptic functions.

Sketch of proof of Corollary 21 as a consequence of part 2 of Theorem 20. Assume
that both τ ∈ H and j (τ ) are algebraic. There exists an elliptic function with alge-
braic invariants g2, g3 and periods ω1, ω2 such that

τ = ω2

ω1
and j (τ ) = 1728g3

2

g3
2 − 27g2

3

·

Set ℘∗(z) = τ 2℘(τ z). Then ℘∗ is a Weierstrass function with algebraic invari-
ants g∗

2 , g∗
3 . For u = ω1/2 the two numbers ℘(u) and ℘∗(u) are algebraic. Hence

the two functions ℘(z) and ℘∗(z) are algebraically dependent. It follows that the
corresponding elliptic curve has nontrivial endomorphisms; therefore τ is quadratic.

�
A quantitative refinement of Schneider’s theorem on the transcendence of j (τ )

given by A. Faisant and G. Philibert in 1984 [74] became useful 10 years later in
connection with Nesterenko’s result (see Section 5). See also [75].

We will not review the results related to abelian integrals, but only quote the first
result on this topic, which involves the Jacobian of a Fermat curve: in 1941 Schneider
[205] proved that for a and b in Q with a, b and a + b not in Z, the number
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B(a, b) = �(a)�(b)

�(a + b)

is transcendental. We notice that in his 1932 paper [210], C.L. Siegel had already
announced partial results on the values of the Euler gamma function (see also [19]).

Schneider’s above-mentioned results deal with elliptic (and abelian) integrals of
the first or second kind. His method can be extended to deal with elliptic (and abelian)
integrals of the third kind (this is Schneider’s third problem in [207]).

As pointed out by J.-P. Serre in 1979 [233], it follows from the quasiperiodicity
of the Weierstrass sigma function (8) that the function

Fu(z) = σ(z + u)

σ (z)σ (u)
e−zζ(u)

satisfies
Fu(z + ωi ) = Fu(z)eηi u−ωi ζ(u).

Theorem 22. Let u1 and u2 be two nonzero complex numbers. Assume that g2, g3,
℘(u1), ℘(u2), β are algebraic and Zu1 ∩ � = {0}. Then the number

σ(u1 + u2)

σ (u1)σ (u2)
e
(
β−ζ(u1)

)
u2

is transcendental.

From the next corollary, one can deduce that nonzero periods of elliptic integrals
of the third kind are transcendental (see [232]).

Corollary 23. For any nonzero period ω and for any u ∈ C \ �, the number
eωζ(u)−ηu+βω is transcendental.

Further results on elliptic integrals are due to M. Laurent [132]. See also his
papers [134, 135, 136, 137].

Ya. M. Kholyavka wrote several papers devoted to the approximation of tran-
scendental numbers related to elliptic functions [106, 107, 108, 109, 110, 111, 112,
113, 114].

Quantitative estimates (measures of transcendence) related to the results of this
section were derived by N.I. Fel’dman [76, 77, 78, 79, 80]. See also the papers by
S. Lang [119], N.D. Nagaev [165], N. Hirata [101], E. Reyssat [195, 196, 198, 199],
M. Laurent [133], R. Tubbs [219], G. Diaz [64], N. Saradha [202], P. Grinspan [94].

3.2 Elliptic Analogues of the Six Exponentials Theorem

Elliptic analogs of the six exponentials theorem (Theorem 10) were considered by
S. Lang [120] and K. Ramachandra [191] in the 1960s.

Let d1, d2 be nonnegative integers and m a positive integer, let x1, . . . , xd1 be
complex numbers that are linearly independent over Q, let y1, . . . , ym be complex
numbers that are linearly independent over Q, and let u1, . . . , ud2 be nonzero
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complex numbers. We consider Weierstrass elliptic functions ℘1, . . . , ℘d2 and we
denote by K0 the field generated over Q by their invariants g2,k and g3,k (1 ≤
k ≤ d2). We assume that the d2 functions ℘1(u1z), . . . , ℘d2(ud2 z) are algebraically
independent. We denote by K1 the field generated over K0 by the numbers exp(xi y j )

(1 ≤ i ≤ d1, 1 ≤ j ≤ m) together with the numbers ℘k(uk y j ) (1 ≤ k ≤ d2,
1 ≤ j ≤ m). Next, define

K2 = K1(y1, . . . , ym), K3 = K1(x1, . . . , xd1 , u1, . . . , ud2),

and let K4 be the compositum of K2 and K3:

K4 = K1(y1, . . . , ym, x1, . . . , xd1 , u1, . . . , ud2).

The theorems of Hermite–Lindemann (Theorem 3), Gel’fond–Schneider
(Theorem 7), the six exponentials theorem, and their elliptic analogues due to
Schneider, Lang, and Ramachandra can be stated as follows.

Any one of the four assumptions below will imply d1 +d2 > 0; the case in which
d1 (respectively d2) vanishes means that one considers only elliptic (respectively
exponential) functions.

Theorem 24.
1. Assume (d1 + d2)m > m + d1 + 2d2. Then the field K1 has transcendence degree

≥ 1 over Q.
2. Assume either d1 ≥ 1 and m ≥ 2, or d2 ≥ 1 and m ≥ 3. Then K2 has transcen-

dence degree ≥ 1 over Q.
3. Assume d1 + d2 ≥ 2. Then K3 has transcendence degree ≥ 1 over Q.
4. Assume d1 + d2 ≥ 1. Then K4 has transcendence degree ≥ 1 over Q.

Parts 3 and 4 of Theorem 24 are consequences of the Schneider–Lang criterion
[120], which deals with meromorphic functions satisfying differential equations,
while parts 1 and 2 follow from a criterion that involves no differential equations.
Such criteria were given by Schneider [206, 207], Lang [120], and Ramachandra
[191] (see also [228] and [229]).

Theorem 24 also includes Theorem 20 apart from the case b �= 0 in part 1 of
that statement. However, there are extensions of Theorem 24 that include results
on Weierstrass zeta functions (and also on Weierstrass sigma functions in connection
with elliptic integrals of the third kind). See [132, 134, 135, 136, 137, 199, 232, 233].

Here is a corollary of part 1 of Theorem 24 (take d1 = 0, d2 = 3, ℘1 = ℘2 =
℘3 = ℘, m = 4, y1 = 1, y2 ∈ End(E) \ Q, y3 = v1/u1, y4 = y2 y3; there is an
alternative proof with d2 = 2 and m = 6).

Corollary 25. Let E be an elliptic curve with algebraic invariants g2, g3. Assume
that E has complex multiplication. Let

M =
(

u1 u2 u3

v1 v2 v3

)
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be a 2 × 3 matrix whose entries are elliptic logarithms of algebraic numbers, i.e.,
ui and vi (i = 1, 2, 3) are in LE . Assume that the three columns are linearly inde-
pendent over End(E) and the two rows are also linearly independent over End(E).
Then the matrix M has rank 2.

In the non-CM case, one deduces from Theorem 24 a similar (but weaker) statement
according to which such matrices

(
ui j

)
(where ℘(ui j ) are algebraic numbers) have

rank ≥ 2 if they have size 2 × 5 (taking d1 = 0, d2 = 2, and m = 5) or 3 × 4 (taking
d1 = 0 and either d2 = 3, m = 4 or d2 = 4 and m = 3) instead of 2 × 3.

Lower bounds better than 2 for the rank of matrices of larger sizes are known,
but we will not discuss this question here. We just mention the fact that higher-
dimensional considerations are relevant to a problem discussed by B. Mazur on the
density of rational points on varieties [240].

4 Linear Independence of Numbers Related to Elliptic Functions

From Schneider’s theorem (Theorem 20) part 1, one deduces the linear independence
over the field of algebraic numbers of the three numbers 1, ω, and η, when ω is a
nonzero period of a Weierstrass elliptic function (with algebraic invariants g2 and
g3) and η = η(ω) is the associated quasiperiod of the corresponding Weierstrass
zeta function. However, the Gel’fond–Schneider method in one variable alone does
not yield strong results of linear independence. Baker’s method is better suited for
this purpose.

4.1 Linear Independence of Periods and Quasiperiods

Baker’s method of proof for his theorem (Theorem 9) on linear independence of
logarithms of algebraic numbers was used as early as 1969 and 1970 by A. Baker
himself [12, 10] when he proved the transcendence of linear combinations with alge-
braic coefficients of the numbers ω1, ω2, η1, and η2 associated with an elliptic curve
having algebraic invariants g2 and g3. His method is effective: it provides quantita-
tive Diophantine estimates [11].

In 1971, J. Coates [52] proved the transcendence of linear combinations with
algebraic coefficients of ω1, ω2, η1, η2, and 2π i . Moreover, he proved in [51, 53,
54, 55] that in the non-CM case, the three numbers ω1, ω2, and 2π i are Q-linearly
independent. Further results including usual logarithms of algebraic numbers are due
to T. Harase in 1974 and 1976 [97, 98].

The final result on the question of linear dependence of periods and quasiperiods
for a single elliptic function was given by D.W. Masser in 1975 [143, 144].

Theorem 26 (Masser, 1975). Let ℘ be a Weierstrass elliptic function with algebraic
invariants g2 and g3, denote by ζ the corresponding Weierstrass zeta function, let
ω1, ω2 be a basis of the period lattice of ℘, and let η1, η2 be the associated quasiperi-
ods of ζ . Then the six numbers 1, ω1, ω2, η1, η2, and 2π i span a Q-vector space of
dimension 6 in the non-CM case, 4 in the CM case:

dim
Q

{1, ω1, ω2, η1, η2, 2π i} = 2 + 2 dim
Q

{ω1, ω2}.
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The fact that the dimension is 4 in the CM case means that there are two inde-
pendent linear relations among these six numbers. One of them is ω2 = τω1 with
τ ∈ Q. The second one (see [144]; see also [37]) can be written

C2τη2 − ACη1 + γω1 = 0,

where A + B X + C X2 is the minimal polynomial of τ over Z and γ is an element
in Q(g2, g3, τ ).

In [144], D.W. Masser also produced quantitative estimates (measures of linear
independence). In 1976, R. Franklin and D.W. Masser [85, 151] obtained an exten-
sion involving a logarithm of an algebraic number.

Further results can be found in papers by P. Bundschuh [40], S. Lang’s surveys
[121, 122], D.W. Masser [152, 154], M. Anderson [5], and in the joint paper [6] by
M. Anderson and D.W. Masser.

4.2 Elliptic Analogue of Baker’s Theorem

The elliptic analogue of Baker’s theorem on linear independence of logarithms was
proved by D.W. Masser in 1974 [143, 144] in the CM case.

His proof also yields quantitative estimates (measures of linear independence of
elliptic logarithms of algebraic points on an elliptic curve). Such estimates have a
number of applications: this was shown by A.O. Gel’fond for usual logarithms of
algebraic numbers [89], and further consequences of such lower bounds in the case
of elliptic curves for solving Diophantine equations (integer points on elliptic curves)
were derived by S. Lang [126].

Lower bounds for linear combinations of elliptic logarithms in the CM case were
obtained by several mathematicians including J. Coates [52], D.W. Masser [145, 149,
150], J. Coates and S. Lang [56], M. Anderson [5]. The work of Yu Kunrui [253]
yields similar estimates, but his method is not that of Baker–Masser: instead of using
a generalization of Gel’fand’s solution to Hilbert’s seventh problem, Yu Kunrui uses
a generalization in several variables of Schneider’s solution to the same problem.
Again, this method is restricted to the CM case.

The question of linear independence of elliptic logarithms in the non-CM case
was settled only in 1980 by D. Bertrand and D.W. Masser [30, 31]. They found a
new proof of Baker’s theorem using functions of several variables, and they were
able to extend this argument to the situation of elliptic functions, either with or with-
out complex multiplication. The criterion they use is the one that Schneider estab-
lished in 1949 [205] for his proof of the transcendence of beta values. This criterion
(revisited by S. Lang in [120]) deals with Cartesian products. From the several vari-
ables point of view, this is a rather degenerate situation; much deeper results are
available, including Bombieri’s solution in 1970 of Nagata’s conjecture [120, 233],
which involves Hörmander L2-estimates for analytic functions of several variables.
However Bombieri’s theorem does not seem to yield new transcendence results,
so far.

So far, these deeper results do not give further transcendence results in our
context.



164 Michel Waldschmidt

Theorem 27 (D.W. Masser 1974 for the CM case, D. Bertrand and D.W. Masser
1980 for the non-CM case). Let ℘ be a Weierstrass elliptic function with algebraic
invariants g2, g3 and field of endomorphisms k. Let u1, . . . , un be k-linearly inde-
pendent complex numbers. Assume, for 1 ≤ i ≤ n, that either ui ∈ � or ℘(ui ) ∈ Q.
Then the numbers 1, u1, . . . , un are linearly independent over the field Q.

This means that for an elliptic curve E that is defined over Q, if u1, . . . , un are
elements in LE that are linearly independent over the field of endomorphisms of E,
then the numbers 1, u1, . . . , un are linearly independent over Q.

The method of Bertrand–Masser yields only weak Diophantine estimates
(measures of linear independence of logarithms).

4.3 Further Results of Linear Independence

Theorem 26 deals only with periods and quasiperiods associated with one lattice;
Theorem 27 deals only with elliptic logarithms of algebraic points on one elliptic
curve. A far-reaching generalization of both results was achieved by G. Wüstholz in
1987 [249, 250, 251] when he succeeded in extending Baker’s theorem to abelian
varieties and integrals, and, more generally, to commutative algebraic groups. If we
restrict his general result to products of a commutative linear group, of copies of
elliptic curves, and of extensions of elliptic curves by the additive or the multiplicative
group, the resulting statement settles the questions of linear independence of
logarithms of algebraic numbers and of elliptic logarithms of algebraic points,
including periods, quasiperiods, elliptic integrals of the first, second, or third kind.
This is a main step toward an answer to the questions of M. Kontsevich and D. Zagier
on periods [118].

Wüstholz’s method can be extended to yield measures of linear independence
of logarithms of algebraic points on an algebraic group. The first effective such
lower bounds were given in 1989 [188, 189]. As a special case, they provide the
first measures of linear independence for elliptic logarithms that is also valid in the
non-CM case. More generally, they give effective lower bounds for any nonvanishing
linear combination of logarithms of algebraic points on algebraic groups (including
usual logarithms, elliptic logarithms, elliptic integrals of any kind).

Refinements were obtained by N. Hirata-Kohno [100, 101, 102, 103, 104],
S. David [60], N. Hirata-Kohno and S. David [62], M. Ably [2, 3], and É. Gaudron
[86, 87, 88], who uses not only Hirata’s reduction argument, but also the work of
J-B. Bost [33] (slope inequalities) involving Arakelov’s theory. For instance, thanks
to the recent work of David and Hirata-Kohno on the one hand, of Gaudron on
the other, one knows that the above-mentioned nonvanishing linear combinations
of logarithms of algebraic points are not Liouville numbers.

In the p-adic case there is a paper of G. Rémond and F. Urfels [194] dealing with
two elliptic logarithms.

Further applications to elliptic curves of the Baker–Masser–Wüstholz method
were derived by D.W. Masser and G. Wüstholz [163, 164].
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A survey on questions related to the isogeny theorem is [178]. Other surveys
dealing with the questions of small points, Bogomolov conjecture, and the André
Oort conjecture are [59, 61]. We do not cover these aspects of the theory in the
present paper. Other related topics that would deserve more attention are the theory
of height and theta functions as well as ultrametric questions.

Extensions of the above-mentioned results to abelian varieties were considered
by D.W. Masser [145, 146, 147, 148, 149, 150, 153, 155, 156, 157], S. Lang [123],
J. Coates and S. Lang [56], D. Bertrand and Y.Z. Flicker [28], Y.Z. Flicker [84],
D. Bertrand [25, 26]. For instance, J. Wolfart and G. Wüstholz [245] have shown that
the only linear dependence relations with algebraic coefficients between the values
B(a, b) of the Euler beta function at points (a, b) ∈ Q

2 are those that follow from
the Deligne–Koblitz–Ogus relations (see further references in [243]).

5 Algebraic Independence of Numbers Related to Elliptic
Functions

5.1 Small Transcendence Degree

We keep the notation and assumptions of Section 3.2.
The following extension of Theorem 24 to a result of algebraic independence

containing Gel’fond’s 1948 results on the exponential function (see Section 1.1) is
a consequence of the work of many mathematicians, including A.O. Gel’fond [89],
A.A. S̆melev [214, 215], W.D. Brownawell [35], W.D. Brownawell and K.K. Kubota
[37], G. Wüstholz [246], D.W. Masser and G. Wüstholz [160], and others (further
references are given in [35, 235, 236]).

Theorem 28.
1. Assume (d1 + d2)m ≥ 2(m + d1 + 2d2). Then the field K1 has transcendence

degree ≥ 2 over Q.
2. Assume (d1 + d2)m ≥ m + 2(d1 + 2d2). Then K2 has transcendence degree ≥ 2

over Q.
3. Assume (d1 + d2)m ≥ 2m + d1 + 2d2. Then K3 has transcendence degree ≥ 2

over Q.
4. Assume (d1 + d2)m > m + d1 + 2d2. Then K4 has transcendence degree ≥ 2

over Q.

Quantitative estimates (measures of algebraic independence) exist (R. Tubbs
[220] and E.M. Jabbouri [105]).

Further related results are due to N.I. Fel’dman [81, 82], R. Tubbs [219, 220,
221, 222, 223, 224], É. Reyssat [201], M. Toyoda and T. Yasuda [218]. See also the
measure of algebraic independence given by M. Ably in [1] and by S.O. Shestakov
in [209].

A survey on results related to small transcendence degree is given in [236] (see
also Chapter 13 of [177]).
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Again, as for Theorem 24, there are extensions of Theorem 28 that include results
on Weierstrass zeta functions as well as on functions of several variables, with a
number of consequences related to abelian functions [237].

5.2 Algebraic Independence of Periods and Quasiperiods

In the 1970s, G.V. Chudnovsky proved strong results of algebraic independence
(small transcendence degree) related to elliptic functions. One of his most specta-
cular contributions was obtained in 1976 [45] (see also [48] and [50]):

Theorem 29 (G.V. Chudnovsky, 1976). Let ℘ be a Weierstrass elliptic function with
invariants g2, g3. Let (ω1, ω2) be a basis of the lattice period of ℘ and η1 = η(ω1),
η2 = η(ω2) the associated quasiperiods of the associated Weierstrass zeta func-
tion. Then at least two of the numbers g2, g3, ω1, ω2, η1, η2 are algebraically
independent.

A more precise result ([50] Chapter 7, Theorem 3.1) is that for any nonzero
period ω, at least two of the four numbers g2, g3, ω/π, η/ω (with η = η(ω)) are
algebraically independent.

In the case that g2 and g3 are algebraic, one deduces from Theorem 29 that
two among the four numbers ω1, ω2, η1, η2 are algebraically independent; this
statement is also a consequence of the next result (Theorem 4 of [48]; see also
[50, 235]):

Theorem 30 (G.V. Chudnovsky, 1981). Assume that g2 and g3 are algebraic. Let
ω be a nonzero period of ℘, set η = η(ω), and let u be a complex number that is
not a period such that u and ω are Q-linearly independent: u �∈ Qω ∪ �. Assume
℘(u) ∈ Q. Then the two numbers

ζ(u) − η

ω
u,

η

ω

are algebraically independent.

From Theorem 29 or Theorem 30 one deduces the following result:

Corollary 31. Let ω be a nonzero period of ℘ and η = η(ω). If g2 and g3 are
algebraic, then the two numbers π/ω and η/ω are algebraically independent.

The following consequence of Corollary 31 shows that in the CM case,
Chudnovsky’s results are sharp:

Corollary 32. Assume that g2 and g3 are algebraic and the elliptic curve has
complex multiplication. Let ω be a nonzero period of ℘. Then the two numbers ω

and π are algebraically independent.
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As a consequence of formulas (5) and (6), one deduces the following corollary:

Corollary 33. The numbers π and �(1/4) are algebraically independent. Also the
numbers π and �(1/3) are algebraically independent.

In connection with these results let us quote a conjecture of S. Lang from 1971
[121] p. 652.

Conjecture 34. If j (τ ) is algebraic with j ′(τ ) �= 0, then j ′(τ ) is transcendental.

According to Siegel’s relation (see [121] p. 652 and [66] Section 1.2.5 p. 165),

j ′(τ ) = 18
ω2

1

2π i
· g3

g2
· j (τ ).

Conjecture 34 amounts to the transcendence of ω2/π . Hence Corollary 32 implies
that Conjecture 34 is true at least in the CM case (see [22]):

Corollary 35. If τ ∈ H is quadratic and j ′(τ ) �= 0, then π and j ′(τ ) are alge-
braically independent.

A quantitative refinement (measure of algebraic independence) of Corollary 31
due to G. Philibert [181] turns out to be useful in connection with Nesterenko’s work
in 1996 (further references on this topic are given in [239]).

A transcendence measure for �(1/4) was obtained by P. Philippon [186, 187]
and S. Bruiltet [39]:

Theorem 36. For P ∈ Z[X, Y ] with degree d and height H,

log |P(π, �(1/4)| > −10326((log H + d log(d + 1)
)
d2(log(d + 1)

)2
.

Corollary 37. The number �(1/4) is not a Liouville number:
∣∣∣∣�(1/4) − p

q

∣∣∣∣ >
1

q10330 ·

Further algebraic independence results can be found in papers including those
of D. Bertrand [20, 23], G.V. Chudnovsky [49] (however, see Zbl 0456.10016)
and E. Reyssat [197, 200] (see also the Bourbaki lecture [231] and the book of
E.B. Burger and R. Tubbs [42]). Among Chudnovsky’s other contributions are results
dealing with G-functions (see [50]; see also Y. André’s work [7, 8]).

We conclude this section with the following open problem, which simultaneously
generalizes Theorems 29 and 30 of G.V. Chudnovsky.

Conjecture 38. Let ℘ be a Weierstrass elliptic function with invariants g2, g3, let ω

be a nonzero period of ℘, set η = η(ω), and let u ∈ C \ {Qω ∪ �}. Then at least two
of the five numbers

g2, g3, ℘ (u), ζ(u) − η

ω
u,

η

ω

are algebraically independent.
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Chudnovsky’s method was extended by K.G. Vasil’ev [225] and P. Grinspan
[94], who proved that at least two of the three numbers π , �(1/5), and �(2/5) are
algebraically independent. Their proof involves the Jacobian of the Fermat curve
X5 + Y 5 = Z5, which contains an abelian variety of dimension 2 as a factor. See
also Pellarin’s papers [179, 180].

5.3 Large Transcendence Degree

Another important (and earlier) contribution of G.V. Chudnovsky goes back to 1974,
when he worked on extending Gel’fond’s method in order to prove results on large
transcendence degree (see references in [50, 231]).

Chudnovsky proved that three of the numbers

αβ, αβ2
, . . . , αβd−1

(11)

are algebraically independent if α is a nonzero algebraic number, log α a nonzero
logarithm of α, and β an algebraic number of degree d ≥ 7. The same year, with a
much more difficult and highly technical proof, he made the first substantial progress
toward a proof that there exist at least n algebraically independent numbers in the
set (11), provided that d ≥ 2n − 1. This was a remarkable achievement since no
such result providing a lower bound for the transcendence degree was known (see
[235] Section 2.1). Later, thanks to the work of several mathematicians, including
P. Philippon (see [182] for his trick involving the introduction of redundant variables)
and Yu. V. Nesterenko [166, 167, 168], the proof was completed and the exponential
lower bound for d was reduced to a polynomial bound, until G. Diaz [63] obtained
the best known results so far: the transcendence degree is at least [(d + 1)/2].

During a short time, thanks to the work of Philippon, the elliptic results dealing
with large transcendence degree where stronger than the exponential ones (see [235]
p. 561).

Further results of algebraic independence related to elliptic functions are given
in [46, 48, 50, 169, 170, 171, 197, 231].

In 1980, G.V. Chudnovsky [47] proved the Lindemann–Weierstrass theorem for
n = 2 and n = 3 (small transcendence degree) by means of a clever variation of
Gel’fond’s method. At the same time he obtained the elliptic analogue in the CM
case of the Lindemann–Weierstrass theorem for n = 2 and n = 3 in [46] and [47].
Also in [46] he announces further results of small transcendence degree (algebraic
independence of four numbers).

This method was extended to large transcendence degree by P. Philippon [183,
184, 185] and G. Wüstholz [247, 248], who also succeeded in 1982 to prove the ellip-
tic analogue of the Lindemann–Weierstrass theorem on the algebraic independence
of eα1 , . . . , eαn in the CM case:

Theorem 39. Let ℘ be a Weierstrass elliptic function with algebraic invariants
g2, g3 and complex multiplication. Let α1, . . . , αm be algebraic numbers that are
linearly independent over the field of endomorphisms of E. Then the numbers
℘(α1), . . . , ℘ (αn) are algebraically independent.
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The same conclusion should also hold in the non-CM case; so far, only the
algebraic independence of at least n/2 of these numbers is known.

Further results on large transcendence degree are due to D.W. Masser and
G. Wüstholz [161, 162], W.D. Brownawell [36], W.D. Brownawell and R. Tubbs
[38], M. Takeuchi [216].

A survey on algebraic independence was written in 1979 by W.D. Brownawell
[35]. The period prior to 1984 is covered by [235] (see also [236]), while [242] gives
references for the period 1984–1997. A more recent reference is [177] Chapter 14.

5.4 Modular Functions and Ramanujan Functions

Ramanujan [193] introduced the following functions:

P(q) = 1 − 24
∞∑

n=1

nqn

1 − qn
, Q(q) = 1 + 240

∞∑

n=1

n3qn

1 − qn
,

R(q) = 1 − 504
∞∑

n=1

n5qn

1 − qn
·

They are special cases of Fourier expansions of Eisenstein series. Recall the Bernoulli
numbers Bk defined by

z

ez − 1
= 1 − z

2
+

∞∑

k=1

(−1)k+1 Bk
z2k

(2k)!
,

B1 = 1/6, B2 = 1/30, B3 = 1/42.

For k ≥ 1 the normalized Eisenstein series of weight k is ([116] Section 3.2, Propo-
sition 6, [208] Section 7.4.2)

E2k(q) = 1 + (−1)k 4k

Bk

∞∑

n=1

n2k−1qn

1 − qn
·

The connection with (4) is

E2k(q) = 1

2ζ(2k)
· Gk(τ ),

for k ≥ 2, where q = e2π iτ ([48] Section 3.2, Proposition 6). In particular,

G2(τ ) = π4

32 · 5
· E4(q), G3(τ ) = 2π6

33 · 5 · 7
· E6(q).

With Ramanujan’s notation we have

P(q) = E2(q), Q(q) = E4(q), R(q) = E6(q).



170 Michel Waldschmidt

The discriminant � and the modular invariant J are related to these functions by
Jacobi’s product formula ([127] Section 18.4 and [208] Sections 7.2.3, 7.3.3, 7.4.4)

� = (2π)12

123
· (Q3 − R2) = (2π)12q

∞∏

n=1

(1 − qn)24

and

J = (2π)12 Q3

�
= (24325G2)

3

�
·

Let q be a complex number, 0 < |q| < 1. There exists τ in the upper half-plane H
such that q = e2π iτ . Select any twelfth root ω of �(q). The invariants g2 and g3 of
the Weierstrass ℘ function attached to the lattice (Z + Zτ)ω satisfy g3

2 − 27g2
3 = 1

and (see [66] Section 1.2.2 p. 163, [127], Section 4.2, Proposition 4 and Section 18.3)

P(q) = 3
ω

π
· η

π
, Q(q) = 3

4

(ω

π

)4
g2, R(q) = 27

8

(ω

π

)6
g3.

According to formulas (5) and (6), here are a few special values (see, for instance,
[4], [177] Section 3.1 and [241]).

– For τ = i , q = e−2π ,

P(e−2π ) = 3

π
, Q(e−2π ) = 3

(ω1

π

)4
, R(e−2π ) = 0, and

�(e−2π ) = 26ω12
1 , (12)

with

ω1 = �(1/4)2

√
8π

= 2.6220575542 . . . .

– For τ = 
, q = −e−π
√

3,

P(−e−π
√

3) = 2
√

3

π
, Q(−e−π

√
3) = 0, R(−e−π

√
3) = 27

2

(ω1

π

)6
,

�(−e−π
√

3) = −2433ω12
1 , (13)

with

ω1 = �(1/3)3

24/3π
= 2.428650648 . . . .

5.5 Mahler–Manin Problem on J (q)

After Schneider’s theorem (Corollary 21) on the transcendence of the values of the
modular function j (τ ), the first results on Eisenstein series (cf. Section 5.6) go back
to 1977 with D. Bertrand’s work [21, 19]. See also his papers [18, 20, 23, 24], his
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work [29] with M. Laurent on values of theta functions, and Yanchenko’s paper
[252]. Further related results are Theorems 5 and 6 (p. 344) and Theorem 4 (p. 347)
in Chudnovsky’s lecture at the Helsinki ICM in 1978 [48].

The first transcendence proof using modular forms is due to a team from St
Étienne (K. Barré-Sirieix, G. Diaz, F. Gramain and G. Philibert), whence the nick-
name théorème stéphanois for the next result; see [16] (see also [91, 92, 90] and
Chapter 2 of [177]). Theorem 40 answers a conjecture of K. Mahler [139, 140] in
the complex case and of Yu. V. Manin [142] in the p-adic case. Manin’s question on
the arithmetic nature of the p-adic number J (q) is motivated by Mazur’s theory, but
he also asked “an obvious analogue” in the complex case; see Conjecture 43 below).
We state the result only in the complex case; the paper [16] solves both cases.

Theorem 40 (K. Barré, G. Diaz, F. Gramain, G. Philibert, 1996). Let q ∈ C,
0 < |q| < 1. If q is algebraic, then J (q) is transcendental.

The solution of Manin’s problem in the p-adic case has several consequences.
It is a tool both for R. Greenberg in his study of zeros of p-adic L functions and
for H. Hida, J. Tilouine, and É. Urban in their solution of the main conjecture for
the Selmer group of the symmetric square of an elliptic curve with multiplicative
reduction at p (references are given in [239]).

The proof of Theorem 40 involves upper bounds for the growth of the coefficients
of the modular function J (q). Such estimates were produced first by K. Mahler [141]
Section 3. A refined estimate, due to N. Brisebarre and G. Philibert [34], for the
coefficients ck(m) (which are nonnegative rational integers) in

(
q J (q)

)k =
∞∑

m=0

ck(m)qm

is
ck(m) ≤ e4

√
km .

According to a remark by D. Bertrand (Lemma 1 in [241] and Lemma 2.4 p. 17 in
[177]; see also Lemma 2 in [15] and Lemma 1 in [27]), the upper bound

|c̃N ,k(m)| ≤ C N m12N

(0 ≤ k ≤ N , N ≥ 1, m ≥ 1, with an absolute constant C) for the coefficients in the
Taylor development at the origin of �2N J k ,

�(q)2N J (q)k =
∞∑

m=1

c̃Nk(m)qm,

is sufficient for the proof of Theorem 40 and is an easy consequence of a theorem of
Hecke ([208] Section 7.4.3, Theorem 5), together with the fact that �2 and �2 J are
parabolic modular forms of weight 24.
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One of the main tools involved in the proof of Theorem 40 is an estimate for the
degrees and height of J (qn) in terms of J (q) (which is assumed to be algebraic) and
n ≥ 1. There exists a symmetric polynomial �n ∈ Z[X, Y ], of degree

ψ(n) = n
∏

p|n

(
1 + 1

p

)

in each variable, such that �n(J (q), J (qn)) = 0. Again, K. Mahler was the first to
investigate the coefficients of the polynomial �n(X, Y ): in [141] he proved that its
length (sum of the absolute values of the coefficients) satisfies

L(�n) ≤ ecn3/2

with an absolute constant c. In the special case n = 2m he had an earlier stronger
result in [140], namely

L(�n) ≤ 257nn36n,

and he claimed (see [140] p. 97) that if the sharper upper bound

L(�n) ≤ 2Cn

with a positive absolute constant C > 0 were true for n = 2m , he could prove
Theorem 40. However, in 1984, P. Cohen [58] produced asymptotic estimates that
show that Mahler’s expectation was too optimistic:

lim
n=2m
m→∞

1

n log n
log L(�n) = 9.

In fact she proved more precise results, without the condition n = 2m , which imply,
for instance, log L(�n) ∼ 6ψ(n) log n for n → ∞.

Further related results are given in [67] (G. Diaz and G. Philibert) for the
j-function and [159] (D.W. Masser) for the ℘-function.

The proof of [16] can be adapted to yield quantitative estimates [14, 15].
A reformulation of Theorem 40 on the transcendence of J (q) is the following

mixed analogue of the four exponentials conjecture (Conjecture 12):

Corollary 41. Let log α be a logarithm of a nonzero algebraic number. Let
Zω1 + Zω2 be a lattice with algebraic invariants g2, g3. Then the determinant

∣∣∣∣
ω1 log α

ω2 2π i

∣∣∣∣

does not vanish.

The four exponentials conjecture for the product of an elliptic curve by the multi-
plicative group is the following more general open problem:
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Conjecture 42. Let ℘ be a Weierstrass elliptic function with algebraic invariants
g2, g3. Let E be the corresponding elliptic curve, u1 and u2 two elements in LE ,
and log α1, log α2 two logarithms of algebraic numbers. Assume further that the two
rows of the matrix

M =
(

u1 log α1

u2 log α2

)

are linearly independent over Q. Then the determinant of M does not vanish.

Another special case of Conjecture 42, stronger than Corollary 41, is the next
question of Yu. V. Manin, who asks in Section 4.2 of [142] to determine the nature
of the invariant of the complex elliptic curve having periods 1 and a quotient
(log α1)/(log α2) of two logarithms of algebraic numbers:

Conjecture 43 (Yu.V. Manin). Let log α1 and log α2 be two nonzero logarithms of
algebraic numbers and let Zω1 + Zω2 be a lattice with algebraic invariants g2
and g3. Then

ω1

ω2
�= log α1

log α2
.

In this direction let us quote some of the open problems raised by G. Diaz
[65, 66].

Conjecture 44 (G. Diaz).
1. For any z ∈ C with |z| = 1 and z �= ±1, the number e2π i z is transcendental.
2. If q is an algebraic number with 0 < |q| < 1 such that J (q) ∈ [0, 1728], then
q ∈ R.
3. The function J is injective on the set of algebraic numbers α with 0 < |α| < 1.

Remark (G. Diaz). Part 3 of Conjecture 44 implies the other two and also follows
from the four exponentials conjecture. It also follows from the next conjecture of
D. Bertrand.

Conjecture 45 (D. Bertrand). If α1 and α2 are two multiplicatively independent
algebraic numbers in the domain {q ∈ C ; 0 < |q| < 1}, then the two numbers
J (α1) and J (α2) are algebraically independent.

Conjecture 45 (see [27], where Section 5 is devoted to conjectural statements
inspired by a conjecture of Oort and André) implies the special case of the four
exponentials conjecture, where two of the algebraic numbers are roots of unity and
the two others have modulus �= 1.

5.6 Nesterenko’s Theorem

In 1976 [18], D. Bertrand pointed out that Schneider’s theorem on the transcendence
of ω/π implies the following statement:
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For any q ∈ C with 0 < |q| < 1, at least one of the two numbers Q(q), R(q) is
transcendental.

He also proved in [18] the p-adic analogue by means of a new version of
the Schneider–Lang criterion for meromorphic functions (he allows one essential
singularity), which he applied to Jacobi–Tate elliptic functions (see also [252]). Two
years later [20], he noticed that Theorem 29 yields the following:
For any q ∈ C with 0 < |q| < 1, at least two of the numbers P(q), Q(q), R(q) are
algebraically independent.

The following result of Yu. V. Nesterenko [172, 173] (see also [175, 176, 239,
241, 32] as well as Chapters 3 and 4 of [177]) goes one step further:

Theorem 46 (Nesterenko, 1996). For any q ∈ C with 0 < |q| < 1, three of the four
numbers q, P(q), Q(q), R(q) are algebraically independent.

Among the tools used by Nesterenko in his proof is the following result due to
K. Mahler [138] (see also Chapter 1 of [177]):

The functions P, Q, R are algebraically independent over C(q).
Also he uses the fact that they satisfy a system of differential equations for D =

q d/dq discovered by S. Ramanujan in 1916 [193] (see also Chapters 1 and 3 of
[177]):

12
D P

P
= P − Q

P
, 3

DQ

Q
= P − R

Q
, 2

DR

R
= P − Q2

R
·

One of the main steps in his original proof [172, 173] is the following zero estimate:

Theorem 47 (Nesterenko’s zero estimate). Let L0 and L be positive integers, A ∈
C[q, X1, X2, X3] a nonzero polynomial in four variables of degree ≤ L0 in q and
≤ L in each of the three other variables X1, X2, X3. Then the multiplicity at the
origin of the analytic function A

(
q, P(q), Q(q), R(q)

)
is at most 2 · 1045L0L3.

In the special case in which J (q) is algebraic, P. Philippon [187] produced an
alternative proof for Nesterenko’s result in which this zero estimate is not used;
instead of it, he used Philibert’s measure of algebraic independence for ω/π and
η/π (see [181] and Section 5.2 above). However, Philibert’s proof requires a zero
estimate for algebraic groups.

Using (12) one deduces from Theorem 46 (see [177] Section 3.1, Corollary 1.2)
the following corollary:

Corollary 48. The three numbers π , eπ , �(1/4) are algebraically independent.

Using (13) one deduces (see [177] Section 1.3.1, Corollary 3.2, Remark (ii)) the
following:

Corollary 49. The three numbers π , eπ
√

3, �(1/3) are algebraically independent.

Consequences of Corollary 48 are the transcendence of the numbers

σZ[i](1/2) = 25/4π1/2eπ/8�(1/4)−2
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and (P. Bundschuh [41])

∞∑

n=0

1

n2 + 1
= 1

2
+ π

2
· eπ + e−π

eπ − e−π
·

D. Duverney, K. and K. Nishioka, and I. Shiokawa [68, 69, 70, 71, 72, 73] as
well as D. Bertrand [27] derived from Nesterenko’s theorem a number of interesting
corollaries, including the following ones ([177] Chapter 3).

Corollary 50. The Rogers–Ramanujan continued fraction

R R(α) = 1 + α

1 + α2

1 + α3

1 + . . .

is transcendental for any algebraic α with 0 < |α| < 1.

Corollary 51. Let (Fn)n≥0 be the Fibonacci sequence: F0 = 0, F1 = 1, Fn =
Fn−1 + Fn−2. Then the number

∞∑

n=1

1

F2
n

is transcendental.

Jacobi theta series ([43] Chapter V, [244] Chapter XXI and [177] Section 3.1.3)
are defined by

θ2(q) = 2q1/4
∑

n≥0

qn(n+1) = 2q1/4
∞∏

n=1

(1 − q4n)(1 + q2n),

θ3(q) =
∑

n∈Z

qn2 =
∞∏

n=1

(1 − q2n)(1 + q2n−1)2,

θ4(q) = θ3(−q) =
∑

n∈Z

(−1)nqn2 =
∞∏

n=1

(1 − q2n)(1 − q2n−1)2.

Corollary 52. Let i , j and k ∈ {2, 3, 4} with i �= j . Let q ∈ C satisfy 0 < |q| < 1.
Then each of the two fields

Q
(
q, θi (q), θ j (q), Dθk(q)

)
and Q

(
q, θk(q), Dθk(q), D2θk(q)

)

has transcendence degree ≥ 3 over Q.
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As an example, for an algebraic number q ∈ C with 0 < |q| < 1, the three
numbers ∑

n≥0

qn2
,

∑

n≥1

n2qn2
,

∑

n≥1

n4qn2

are algebraically independent. In particular, the number

θ3(q) =
∑

n∈Z

qn2

is transcendental. The number θ3(q) was explicitly considered by Liouville as far
back as 1851 (see [174] p. 295 and [177] p. 30).

The proof by Yu. V. Nesterenko is effective and yields quantitative refinements
(measures of algebraic independence): [93, 174, 187].

5.7 Further Open Problems

Among many open problems, we mention

– the algebraic independence of the three numbers π , �(1/3), �(1/4).
– the algebraic independence of three numbers among π , �(1/5), �(2/5), eπ

√
5.

– the algebraic independence of the four numbers e, π , eπ and �(1/4).

The main conjectures in this domain are due to S. Schanuel, A. Grothendieck,
Y. André [9], and C. Bertolin [17]. Chudnovsky’s proof of the algebraic inde-
pendence of π and �(1/4) involves elliptic functions; Nesterenko’s proof of the
algebraic independence of π and eπ requires modular functions. One may expect
that higher-dimensional objects (abelian varieties, motives) may be required in
order to go further. In this respect we conclude by alluding to the remarkable
progress that has been achieved recently in finite characteristic (after the work by
Jing Yu, G.W. Anderson and D. Thakur, L. Denis, W.D. Brownawell, J.F. Voloch,
M. Papanikolas, among others).
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7. Y. ANDRÉ – G-functions and geometry, Aspects of Mathematics, E13, Friedr. Vieweg
& Sohn, Braunschweig, 1989.

8. — , “G-fonctions et transcendance,” J. reine angew. Math. 476 (1996), pp. 95–125.
9. — , Une introduction aux motifs (motifs purs, motifs mixtes, périodes), Panoramas et
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fonction modulaire,” J. Théor. Nombres Bordeaux 9 (1997), no. 1, pp. 229–245.
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algébriquement indépendantes,” Acta Arith. 23 (1973), pp. 19–88.



7 Elliptic Functions and Transcendence 187

230. — , Nombres transcendants, Springer-Verlag, Berlin, 1974, Lecture Notes in
Mathematics, Vol. 402.

231. — , “Les travaux de G. V. Chudnovsky sur les nombres transcendants,” in Séminaire
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